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A SELECTIVE STAINING METHOD FOR THE BASIC PROTEINS 
OF CELL NUCLEI 
By Max ALFERT* AND IRVING I. GESCHWINDT 
DEPARTMENT OF ZOOLOGY; AND HORMONE RESEARCH LABORATORY, DEPARTMENT OF 
BIOCHEMISTRY, UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated by W. M. Stanley, August 26, 1953 

Histochemical staining methods combined with specific enzymatic hy- 
drolysis and chemical substitution procedures have permitted the cytolo- 
gist to visualize, and in some instances to quantitate by microphotometric 
methods, many cellular constituents. Methods for histochemical detec- 
tion of specific proteins or of characteristic groups in proteins are few, and 
some of those presently available are somewhat cumbersome for routine 
histological use, or result in formation of highly unstable color complexes 
whose quantitative relationship to the substances tested is often unknown. 
As far as the distinction between histones and non-histones, or, in general, 
between proteins of different isoelectric points, is concerned, the methods 
previously used have included u.v. absorption-spectroscopy,' a modifica 
tion of the Millon reaction,’ and staining with acid and basic dyes at a 
series of different pH’s.* The last-named method, which makes use of the 
amphoteric nature of proteins and their resulting ability to form salts with 
acid and basic dye ions, has been used extensively in the past. However, 


up to now it has not been possible to define any set of conditions under 


which a particular type of protein couJd be visualized selectively by a single 
staining operation involving only one dye. The procedure described herein 
represents an empirical method which grew out of a series of staining ex- 
periments at controlled pH. It is believed to afford a simple, stable, and 
specific staining procedure for histones and, when present, protamines in 
cell nuclei, since other proteins with high isoelectric points (such as cyto- 
chrome C), which were found to stain under the specified conditions, do not 
occur in cells in sufficient concentration to affect the staining picture. 
Moreover, this method permits relative quantitation of the stainable ma- 
terial by microphotometric procedures. 

The method consists of the following steps 

1. Tissues are fixed for three to six hours in 10%, neutral formalin, 
washed overnight in running water, dehydrated, and embedded in paraffin. 
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2. Sections on slides are rehydrated and immersed for 15 minutes 
in a 5°% solution of trichloroacetic acid (TCA) in a boiling water-bath, for 
removal of nucleic acids. The TCA is subsequently washed out by three 
changes of 70% alcohol for ten minutes each, followed by distilled water. 

5. Slides are stained at room temperature for 30 minutes in a 0.1% aque- 
ous solution of the acid dye Fast green FCF (National Aniline Division; 
96°, dye content) adjusted to pH 8.0-S.1 with a minimum of NaOH; the 
sections are then washed for five minutes in distilled water, followed 
directly by 95°) alcohol, and mounted after complete dehydration and 
clearing. 

By this method a specific nuclear, i.e., chromosomal stain, has been ob- 
tained in a variety of vertebrate tissues and in onion root tips. The follow- 
ing comments to this technique are relevant: 

1. A number of routine histological fixatives such as Zenker’s, Susa’s, 
and Carnoy’s do not allow specific nuclear staining. The presence of 
mercuric chloride in Zenker’s and Susa’s fluids is apt to introduce a staining 
artifact since a divalent metal ion might serve as a link between carboxy] 
groups and acid dye ions. Carnoy’s fluid, on the other hand, has been 
claimed‘ to cause a shift in the isoelectric point favoring acid dye uptake. 

2. No stain is retained by the tissues unless nucleic acids are extracted 
prior to staining. Desoxyribonuclease can replace TCA in this respect, 
but ribonuclease is ineffective. It is a well-known fact that nucleic acids 
can interfere competitively with the staining of proteins,’ and vice versa.® 

3. Variations of the staining conditions were attempted in several 
ways: Increase of the dye concentration to 0.257% and, independently, of 
the time of staining and differentiation to two hours, produced no notice- 
ably different results. Only freshly prepared and unbuffered dye solu- 
tions (to avoid interference by buffer ions) were used. The pH of the solu- 
tion did not change during the staining procedure. Although the dye solu- 
tion at pH 8 is distinetly bluish in color and its absorption curve is shifted 
to lower wave-lengths, the dye bound by nuclei appears green and has an 
absorption peak close to 635 my, similar to that of tissue elements stained 
at pH 2.2. 

Figures | to 4 illustrate the difference in the staining picture between 
routine Fast green staining at low pH (in V/100 HCI, pH 2.2) and at pH $, 
both after extraction of nucleic acids by hot TCA. It will be noted that 
the basic hemoglobin, formerly classified as a histone, does not stain at 
high pH, that the stain is restricted to chromosomes in dividing cells, and 
that nucleoli fail to stain. This last fact is of special interest. Although 
nucleoli were said by Caspersson' to contain histones on the basis of spec- 
trophotometric analysis, this claim has not been substantiated by the histo- 
chemical studies of Pollister and Ris,’ nor by direct chemical analysis of iso- 
lated nucleoli by Vincent.’ That only chromatin stains in cells where 
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FIGURES 1-4 


Photomicrographs of animal and plant cells stained with Fast green at pH 2.2 (Figs 
1 and 3) and at pH 8 (Figs. 2 and 4) x 550. Figures 1 and 2 are blood smears of the 


lizard Sceloporus occidentalis prefixed in absolute methanol to prevent hemolysis; 


figures 3 and 4 are sections of onion root tips 
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mitotic figures are evident (which aside from the onion root tips was also 
the case in activated rat thyroid glands) is of considerable importance since 
chromosomes are mainly composed of nucleic acid, histone and ‘“‘residual 
protein,’ or “‘chromosomine.”’ Hamer* has recently reviewed the avail- 
able evidence for the acidic nature of nuclear and chromosomal non-histone 
proteins. On the basis of the model experiments reported below, proteins 


of this type would not be expected to stain. 

In order to test this staining procedure model experiments on known 
proteins, protamine (salmine), desoxyribonucleic acid (DNA) and _ prota- 
mine-nucleate were undertaken. Commercial crystalline proteins and 
edestine were dissolved in suitable aqueous media in amounts calculated to 
provide solutions containing the same concentrations of total basic groups 
(6 uM basic groups/ml.). Six ul. drops of these were spotted on filter 
paper, fixed in SOC, alcohol followed by formalin, washed and stained with 
Fast green at pH 2.2 or 8. Typical results are summarized in figure 5. 

It appears evident that the ability to bind acid dye at high pH is corre- 
lated with a high isoelectric point of the protein itself, rather than with the 
presence of any particular basic group: Protamine, histone, lysozyme, and 
cytochrome C (not illustrated) are able to stain at pH 8 although, with the 
exception of protamine, considerably less intensely than at pH 2.2. Globu- 
lins and albumins do not retain dye at high pH but they become stainable 
following methylation of carboxyl groups,® a procedure which results in a 
considerable shift of the isoelectric point into the alkaline range. The 
fact that globin and edestine (a seed protein of unusually high arginine 
content) fail to stain, or retain at most only traces of dye, at pH 8 indicates 
that the absolute number and type of basic groups present are of less im- 
portance than the over-all balance of acid to basic groups, i.e., the net 
positive charge of the protein. 

At pH § the groups mainly responsible for staining by acid dye ions are 
the guanidine groups of arginine and the e-amino groups of lysine. Only 
about one-third of the terminal a-amino groups and less than one-tenth of 
the imidazole groups of histidine can be expected to bind dye. The bind 
ing is further dependent upon the number and position of carboxylate ions 
which may exert a force opposing the approach of dye anions, and upon the 
degree of hydrogen bonding in the protein.!” 

Competitive interference with acid dye binding can be demonstrated by 
alternately spotting a solution of protamine and a solution of DNA (2.3 
mg. ml.), thereby allowing formation of a precipitate of protamine-nu- 
cleate on the filter paper. Such a precipitate retains considerably less dye 
at pH 8 than a spot containing an equivalent amount of protamine alone. 
Protamine is also able to combine with and precipitate less basic proteins 
such as insulin. A protamine-insulin complex formed on filter paper in the 
same manner as the protamine nucleate was found to stain at pH 8 with 
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almost undiminished intensity when compared to an equivalent amount of 
protamine alone. It appears thus that the dye at high pH is able to com- 
pete successfully with insulin but not as well with DNA for binding sites 
on the protamine. The inhibitory effect of DNA is not as pronounced in 
these model systems when protamine nucleate is stained at low pH. How- 
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FIGURE 5 


A series of drops of model-proteins stained with Fast green at pH 2.2 and pH 8 
Photographed in red light, reduced (actual size of filter paper squares 13 & 13 mm.) 


ever, we have observed that two different samples of DNA tested on filter 
paper were themselves able to bind dye at pH 2.2. (Two samples of ri- 
bonucleic acid could not be tested since they diffused from the filter 
paper during the staining procedure.) It is not known whether nucleic 
acids in fixed tissues retain acid dye when staining is performed, as custom- 
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ary, at low pH. If this were the case, 1t would be exceedingly difficult to 
detect since this phenomenon can be expected to be overcompensated by a 
stronger opposite effect, namely, the partidl inhybition of protein staining 
in presence of nucleic acid. Although the results of the model experi- 
ments reported here may not apply exactly to observations made on fixed 
and stained tissues, they still make it doubtful whether acid staining at 
low pH can be used ‘or quantitative determination of basic protein groups 
in tissue sections unless nucleic acids were removed prior to staining. 

It should be added that the staining of model proteins has proved to be 
quite reproducible. In all instances was it possible to demonstrate by re- 
staining at pH 2.2 that the failure to stain at pH 8 was not due to elution 
of the stainable material. Exposure of the paper strips to hot TCA, as is 
done in the histological application of the procedure, does not alter the re- 
sults except that protamine is almost totally extracted. Since no pro- 
tamine containing fish sperm was available to us, we do not know whether 
protamine would be lost from cell structures during this procedure. If 
this were found to be the case, it might be circumvented by enzymatic re- 
moval of DNA in such cases. 

The assumption that histones or histone-like proteins are mainly re- 
sponsible for the histological staining picture is thus supported by the 
model experiments and can be subjected to some further verification based 
on known analytical findings. Recent biochemical data!'' indicate that 
histones occur in a constant quantitative ratio to DNA in cell nuclei; 
neither of these compounds varies in amount when cells undergo physiolog- 
ical changes that bring about considerable variations in nuclear non- 
histone protein content. We have consequently determined the ‘““DNA- 
histone ratios’’ of several series of tissue nuclei by microphotometric estima- 
tions of Feulgen-dye, and of Fast green bound at pH 8. The methods 
used have been described previously’? and the results are summarized in 
table I. 

It is evident that the Feulgen-Fast green ratios are quite similar in the 
somatic mammalian and two of the reptilian tissues tested. The polyploid 
series of liver nuclei as indicated by their DNA content is equally well de- 
tectabie on the basis of Fast green measurements. The three series of 
thyroid nuclei represent cells in very different physiological states whose 
nuclei exhibit striking differences in size; the same is also true for the three 
types of mouse kidney nuclei which are reported here, but there is no de- 
tectable change of Feulgen dye or Fast green content within either series. '* 
Lizard erythrocyte nuclei exhibit a markedly lower Feulgen-Fast green 
ratio and onion root tip nuclei show an intermediate ratio. 

Vendrely and Vendrely'’ have recently reported an unusually high ar- 
ginine-DNA ratio in certain fish sperm, as well as in beef sperm, when 
compared to cther types of nuclei. By our method beef sperm has been 
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rABLE 1 


AVERAGE 
NUCLEAR 
VOLUME 
OF RATIOT 
FEULGEN FEULGEN DYE* PAST GREEN* FEULGEN 
SAMPLE PER NUCLEUS PER NUCLEUS FAST 
ORGAN AND SAMPLE MEASURED MEAN + SK MEAN + S.E GREEN 
Liver 2n 537 + ¥ (30) 282 + 18(19) 1.9 
4n 1057 + 19 (30) 555 + 18 (23) 1.9 
Sn 1987 + 37 (20 1247 + 63( 8) 1.6 
Thyroid a) normal 525 9 (2% 272 + 14 (20) 1.9 
b) hypophysectomized 
inactive 52% ‘ 266 143 (19) 
thiouracil treated 
(‘activated” 523 + ( 256 + 11118 
Mouse Kidney a) collecting duct 514 + ( 333 + (20) 
(b) proximal tubule of 
castrate t 2 308 + 18(20) 
(c) proximal tubule of 
androgen-treated 
castrate 530 + 11 (20) 313 4 15(20) 
Beef Sperm’ Em = 0.153 4 Km 0.369 4 
0 002 (15 0 009 (15 
Lizard) Erythro 
cytes” Ist sample 335 + 6(20) 538 + 12 (20) 0 
2nd sample 350 + 10(15 536 4+ 14(15) 0 
Liver 371 + 7 (20) 214 + 11 (20) 1 
Kidney 394 + 7(20) 208 + 11 (20) 1 
Onion Root tip 3140 + 60(20) 3340 + 80(20 0.4 


Optical conditions of microphotometric measurements: Beckman B spectrophotom 
eter used as light source; animal nuclei were measured at 550 my for Feulgen-, and 
at 630 my for Fast green determinations, with 0.3 mm. slit width. To avoid stray light 
error in measuring the very dense root tip nuclei, measurements were conducted at 
600 mu, close to 50°) of peak absorption for both dyes. 


* Amounts of dye are given in arbitrary units calculated according to the formula: 
amount = (0.6 average nuclear diameter)? X optical density X 100. Numbers in 
parentheses are numbers of measurements. 

t Since these ratios are based on arbitrary units of dye content, they do not indicate 
the ratios of actual amounts of DNA and histone and are only of value for relative com 
parison 

“ The Feulgen-Fast green ratio of sperm was calculated on the basis of average opti 
cal density (Em) of central 2 u cores. Since these sperm cells are of very regular size 
and shape, unaffected by the treatments used, this method results in a ratio directly 
comparable to all the others given 


h > . . 
Blood smears, prefixed in methanol, were used. In these the nuclei are flattened to 


various extents. The computation of amounts of dye will in such a case result in values 
which are low compared to those obtained on spherical nuclei. Consequently the Feul- 
gen values of erythrocytes cannot be compared to those of liver and kidney cells. Fast 
green values are affected to the same extent so that the Feulgen-Fast green ratio remains 
directly comparable to that of other nuclear types. Two different samples, stained at 
different occasions, were measured to test the reproducibility of the results 
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found to possess the lowest Feulgen-Fast green ratio of all tissues tested, 
which agrees with these findings. Preliminary observations on mouse 
sperm tend to indicate a similar situation. 

Assuming the Feulgen reaction to allow a correct quantitative estimate 
of nuclear DNA content even among diderent organisms, a change in the 
Feulgen-Fast green ratio may indicate a difference in the amount of nuclear 
basic protein, a different composition of the basic protein, or both. The 
exact significance of changes in this ratio will only be understood when 
more extensive analytical data on histones from different sources become 
available. 

As has been pointed out earlier, this staining procedure cannot serve to 
titrate all basic groups that occur in the proteins which can be visualized by 
it. However, the results of the photometric measurements make it likely 
that a constant proportion of the available groups is stained when nuclei 
of related cell types are compared. This method should consequently 
prove to be of value for such relative quantitative comparisons, as well as 
provide a simple routine procedure for visualization of histones. 

Summary.-Treatment of formalin-fixed tissue sections with Fast green at 


pH 8 after extraction of nucleic acids results in a selective chromatin stain. 


Model experiments were undertaken on a series of proteins to determine the 
specificity of the staining procedure, and microphotometric determinations 
of the Feulgen-Fast green ratios in nuclei of various cell types were made. 
All experiments indicate that histones or protamines are responsible for the 
histological staining picture. 
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THE EVALUATION OF THE KINETIC CONSTANTS OF ENZYME 
CATALYZED REACTIONS 
By RosBert J. FOSTER AND CARL NIEMANN 
GATES AND CRELLIN LABORATORIES OF CHEMISTRY,* CALIFORNIA INSTITUTE OF 
TECHNOLOGY 
Communicated July 27, 1953 
For an enzyme-catalyzed reaction that can be described by equations 
(la), (1b), (le), ete., and where the experimental conditions are such that 


ky k 
E, +S, = ES — E, + P,, + P; 


2, (la) 
ky 


k; 
E, + P;, = EP, (1b) 
k, 


ke 
E, + Pe, = EP,» (Ic) 
f 
ky 
the course of the reaction is given, within the limits of experimental error, 
by the integrated rate equation (2), the evaluation of the kinetic 


n 


k,{E]t = Ke + {Sh > 1 kr,) In [S]o/{S]. + 


} l 
n 
( —Ks > 1 Kr, )(Ish - ‘Sl.) (2) 
} I 
constants Ag = (ky + k3)/k; and k;, and eventually of Kp, = ks ky Ap, = 
kiko, ete., is a problem of considerable practical importance which is 
complicated not only by the possible competitive interaction of the free 
enzyme with one or more of the reaction products but also by the fact 
that the integrated rate equation contains both a zero and a first order 
term. 

The traditional solution of this problem has been to study the reaction 
in its initial stages so as to minimize the difliculties arising from the possible 
interaction of the free enzyme with one or more of the reaction products 
and to estimate the initial velocities, at the various initial specific substrate 
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concentrations, from assumed zero or first order plots. The initial veloci- 
ties so obtained are then used to evaluate Ay and k; by a variety of graphical 
procedures based upon the differential form of equation (2) in which all 
interactions between the free enzyme and the reaction products are ignored, 
i.e., equation (3).'~% 


—d[S]/dt = ks{E][S]/(Ks + [S]). (3) 


The above procedure is at best a compromise and since it can be criticized 
on both practical and theoretical grounds we instituted a search for more 


rational methods. The first attempt along these lines was to provide an 
unambiguous procedure for the determination of initial velocities by an 
approximation method based upon the integrated rate equation (2).* 


While this procedure is theoretically sound and capable of unambiguous 
application it is also cumbersome. Therefore in the interest of greater 
convenience we turned our attention to methods which did not require 
the separate evaluation of initial velocities. 

Walker and Schmidt" noted that the integrated rate equation (2), in 
the absence of competitive inhibition of the reaction by one or more of 
the reaction products, could be used for the evaluation of Ags and k; without 
the separate evaluation of initial velocities by taking advantage of the 
linear ({SJo — [S],)/¢ vs. (In [S]o/[S],J/¢ plot whose slope is equal to — As 
and whose ordinate intercept is k;[E]. While there is little doubt that 
this procedure is a useful one for the case for which it was developed® '” 
its direct application to those cases where there is competitive interaction 
between the free enzyme and the reaction products is awkward.’ There- 
fore, we have extended the treatment of Walker and Schmidt!’ so as to 
provide for the more general case depicted by equations (la), (1b), (le), 
ete. 

n 
For zone A conditions !'!~' and where 1/Kp = >> 1 Kp, equation (2) 
j=l 
may be simplified and rearranged to give equation (4) 


k[E], = (1 — As/Kp)((S]o — [S].) + As(1 + [S]o/Ap) In [S]o/[S], (4) 


from which it is scen that for an experiment conducted at a particular 
initial specific substrate concentration a plot of ([S]o — [S],)/t vs. (In 
[S]o/{S].)/¢ will be linear and will have a slope equal to — As(Kp + [S]o) 

(Ks — Kp). A valuable feature of a plot with the above parameters is 
that straight lines drawn through the origin will have slopes equal to the 
respective [S| values and therefore the intersection of a line drawn through 
the origin with a slope corresponding to the initial specific substrate 
concentration used in a particular experiment with a line defined by the 
experimental data obtained from that experiment, i.e., the line whose 
slope is equal to —As(Kp + [S]o) (Ap — As), will define in terms of the 
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ordinate the corresponding initial velocity, i.e., %. Furthermore a straight 
line drawn through a series of these intersections, derived from a series of 
experiments with the same enzyme concentration but with different initial 
specific substrate concentrations, will have a slope of —As, an ordinate 
intercept of k;{E] and an abscissa intercept of k;|E]/ As, ef. figure 1. While 
it is true that a line possessing the same characteristics may also be ob- 
tained by a plot of vw vs. v/ [S]o* 7 * it should be noted that in this instance 
the initial velocities, i.e., the vw values, must be evaluated by separate pro- 
cedures whose disadvantages and limitations have been discussed above. 

The advantages of the method proposed in this communication are as 





(CS),-(S),)/t 














(in (SJ, /CS],)/t 
FIGURE 1 
Determination of As, k; and Ap from a plot of ({Slo — [S})) 
vs. (In [S]o/[S].)/t; © hypothetical experimental points; 
slope = As(Kp + [S|o)/(Ke Ks); slopes = [Soli, [Sols, 
ete.; Orespective values of 2, relative to ordinate; slope 
= —Ksg; ordinate intercept = k;|E], abscissa intercept = k;(E]/Ks 


follows: Ag and k, are finally evaluated from a plot that is superior to 
all other plots based upon equation (3);’~* in contrast to all of the pro- 


cedures based upon equation (3) Ap is simultaneously evaluated from the 
lines whose slopes are equal to —As(Ap + [S]o)/ (Ap — As); all of these 
kinetic constants are derived by a unified procedure from primary experi- 


mental data which can be presented in full on a single plot; and finally 
because the initial velocities need not be separately evaluated it is possible, 
and in fact desirable, to study the reaction in its intermediate and final 
stages instead of only in its initial stages, thus creating a situation which 
tends to minimize the possibility of experimental error. 
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The extension of the procedure under discussion to accommodate the 
presence of an added competitive inhibitor and to evaluate Ay, the corre- 
sponding enzyme-inhibitor dissociation constant, is apparent from equation 
(5), which is the integrated rate equation for this situation. 


k3[E]t = (1 — Ks/Kp)({S]o — [S]) + As(1 + [S]o/Ap + [I]/ Ay) In 
[Slo [S]. (5) 


In this instance the slopes of the lines through the experimental points are 
equal to —Ag(Kp + [Slo + [[]Ap/A,)/(Ks — Ap), and that of the line 
through the intersections of these lines with those of slope [S]o drawn 
through the origin is —Ags(1 + [I]/A,). The ordinate intercept of the 
latter line is k;[{E] and its abscissa intercept is k;[E]/As(1 + [I]/Ay). 





o>) 


S 


((S),-{S],)/t 


~ 


Wy 7" 


5 10 
(in (S),/(S), )/t 


FIGURE 2 











a-Chymotrypsin catalyzed hydrolysis of acetyl-L-tyrosinhydroxa- 
mide at 25° and pH 7.65. |[E]| = 0.02 mg. protein-nitrogen/ml. 


The application of the procedure described in this communication may 
be illustrated by the data presented in figure 2. In this instance the 
system a-chymotrypsin-acetyl-L-tyrosinhydroxamide was studied at 25° 
and pH 7.65 in aqueous solution 0.5 J with respect to the amine com- 
ponent of a tris-(hydroxymethyl)-aminomethane hydrochloric acid 
buffer. The specific substrate was prepared as before,'* the enyzme 
preparation was an Armour preparation, lot no. 10705, and the extent of 
reaction was determined as described previously.'* The experimental 
points given in figure 2 correspond to an extent of reaction varying from 
20 to SO%. 
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The values of the kinetic constants determined as described above 
were Ag = 42 + 2 X 1073 M, kg = 34 + 2 X 1073 M/min./mg. protein- 
nitrogen/ml., and Kp = 8O + 10 X 10°% \/. Since it has been shown 
previously that for the system under consideration, and under the condi- 
tions specified, only one of the reaction products, i.e., acetyl-L-tyrosinate 
ion, will interact with the enzyme,'' the value of Ap may be taken to be 
equal to Ap,, the enzyme-inhibitor dissociation constant of the complex 


formed from a-chymotrypsin and acetyl-L-tyrosinate ion. 

It will be noted that the As and Ap, values given in this communication 
are about 15°, lower than the values reported previously.'' This difference 
is almost entirely due to the elimination of the operational error inherent 
in the earlier values and does not reflect a significant difference in the 
primary experimental data obtained in the two investigations. 

The authors wish to express their indebtedness to Dr. Verner Schomaker 
for his assistance in the development of the method described in this 


communication, 
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ACETYLATION OF GLUTAMIC ACID BY EXTRACTS OF 
ESCHERICHIA COLI 
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DEPARTMENT OF BIOLOGICAL CHEMISTRY, HARVARD MEDICAL SCHOOL, BOSTON 


Communicated August 3, 1953 


In a recent paper, Vogel' presented evidence which suggests that in /. 
coli ornithine is derived from glutamic acid, and furthermore that the 
first step in the reaction chain involves acetylation of the amino group of 
glumatic acid. Acetylation of amino acids, although investigated in the 
past, had not been demonstrated until recently when Stadtman, ef al. 
showed that suspensions of dried cells of Clostridum kluyveri will carry out 
such a reaction.’ The reaction depends on the presence of high concentra- 
tions of cyanide. Following the lead provided by Vogel's results we have 
looked for acetylation of glutamic acid in /. coli and as will be shown in the 
present paper, have found that extracts of this organism are able to syn- 
thesize N-acetyl-glutamic. acid from glutamic acid and acetyl CoA. In 
contrast to the C. k/uyvert preparations the F. coli extracts do not require 
cyanide for activity. 

Methods.--The experiments were carried out with the same strain of /. 
coli (ATCC 9637) as that used by Vogel. Cells were grown in minimal 
medium A,* harvested in a Sharples centrifuge, and suspended in twice 
their volume of 1//100 potassium phosphate buffer at pH 7.0. Extracts 
were prepared by treating the suspension in a cooled 10 Ke Raytheon sonic 
oscillator for 10 minutes and centrifuging at 0° to remove debris. 

Acetyl phosphate was used as the dilithium salt. It was determined by 
the method of Lipmann and Tuttle. N-acetyl glutamic acid was deter- 
mined as follows: at the end of an experiment the incubation mixtures 
were heated at 90° for 5 minutes to destroy residual acetyl phosphate, cen- 
trifuged to remove protein, acidified with 0.1 volume of 10 N H.SO,, cen- 
trifuged again to remove additional protein, and extracted 3 times with 
1.5 volumes of 4:1 n-butanol: chloroform.’ Glutamate is not extracted 
from the acidified reaction mixture into the organic solvent. Pyrrolidone 
carboxylic acid, which may form from glutamic acid, produces only one- 
tenth as much color as N-acetyl glutamate in the hydroxamic reaction 


employed here. This may account for the slight increase of hydroxamic 
acid in the glutamic acid-containing blank (cf. table 1). The combined 
extracts were evaporated to dryness and resuspended in | ml. of water. 
They were then analyzed for acetyl amino acid by the hydroxylamine 
method of Katz, et al.6 The heating time necessary for the complete hy- 
drolysis of N-acetyl glutamic acid was 120 minutes. 
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For the chromatographic identification of N-acetyl glutamic acid the 
evaporated n-butanol-chloroform extracts were resuspended in 0.05-0.10 
ml. of water and chromatographed on No. | Whatman paper at 37° in a sys- 
tem consisting of 20:4:1 n-butanol: water: glacial acetic acid. The chro- 
imatogram was tested for spots of N-acetyl glutamic acid by mutant re- 
sponse’ with strain M22-64 which responds to proline, glutamic acid, and 
glutamine as well as to N-acetyl glutamic acid. 


rABLE 1 


SYNTHESIS OF N-ACETYLGLUTAMIC ACID BY SONIC EXTRACTS OF E, coli 


ACKTHYDROXAMIC ACID 
POTASSIUM GLUTAMATE, FORMED 
EXTRACT uM uM 


None None 0.36 
None 100 0 46 
0.4 ml. None 0.32 
0.4 ml. 100 1 80 
All tubes contain: 0.2 ml. Tris buffer W/1, pH 8.0; 0.2 ml. MgCh W/1; 0.2 ml 
CoA, 100 units/ml.; 0.4 ml. HoS (saturated solution); 0.2 ml. acetyl phosphate  /4; 
total volume 2.0 ml. Incubated at 37° for 60 minutes DL- N-acetyl glutamate was 
used as standard for acethydroxamic acid formation. 


Identification of Enzymatically Formed Acetyl Glutamate. For prelimi- 
nary experiments, acetylation of glutamate was explored by following acetyl 
phosphate disappearance in the presence of glutamate. Since the extracts 
are rich in transacetylase it was assumed that increased disappearance of 
acetyl phosphate in the presence of glutamate indicates synthesis of N-ace- 
tyl glutamate, as follows: 


Acetyl P + CoA trananeehyeeey acetyl CoA + P 
E. coli 
Acetyl CoA + glutamate pas Aer » N-acetyl glutamate + CoA 


With some extracts, in the presence of magnesium ions, and cysteine or 
H.S, addition of glutamate caused the expected increase of acetyl phos- 
phate disappearance. However, since glutamine synthesis may occur un- 
der similar conditions,* an increase of acetyl phosphate disappearance in 
the presence of glutamate might have been due to phosphate transfer to 
ATP for glutamine synthesis rather than acetyl transfer to glutamate to 
form N-acetyl glutamate. 

The reaction was therefore studied more directly by following the for- 
mation of acetylated amino acid with the hydroxylamine reaction.’ As 
shown in table |, acetyl amino acid is formed with the /. coli extract. Like 
glutamate-stimulated acetyl phosphate disappearance, this reaction re- 
quires magnesium ions and a reducing agent. A similar formation of 
acetyl amino acid can be observed with acetate and ATP instead of acetyl 
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phosphate, With acetate alone, on the other hand, there occurs only a 
slight reaction, about one-tenth as much acetyl amino acid being formed as 
in the presence of acetate and ATP. 

The identity of the acetyl amino acid formed was checked by paper 
chromatography using mutant response for identification. Extracts 
which had been incubated with glutamate yielded a spot on the 
chromatogram with an Ry of 0.65; no such response was obtained on in- 
cubation without glutamate. Synthetic pL-N-acetyl glutamate had an 
Ry» value of 0.63. Glutamate and glutamine, on the other hand, moved 
much more slowly (Ry = 0 to 0.1) in the butanol-acetic acid medium used. 

The identity of the hydroxamic acid formed by the Katz-procedure® was 
also checked by chromatography on No. | Whatman paper in a butanol- 
water system. The Rp value for the hydroxamice acid formed was 0.48, that 
for synthetic acethydroxamic acid 0,51.° 


rABLE 2 
COENZYME A-DEPENDENCE OF N-ACETYL GLUTAMATE FORMATION 


POTASSIUM ACETHYDROXAMIC 
PREATMENT OF COENZYME A GLUTAMATE, ACID FORMED, 
EXTRACT UNITS uM uM 


None 10 None 0.66 
None Ww 100 1.01 
Dowex vated None None 0.59 
Dowex treated Non 100 0.52 
Dowex ated 10 None 0.54 
Dowex ated 10 100 1.01 


Conditions same as those described in legend for table 1; 0.4 ml. of sonic extract. 
Incubated at 37° for 60 minutes 


Coenzyme A Requirement.—As shown in table 2, after treatment with 
Dowex-! which has been used with similar extracts to remove CoA," ac 
tivity is lost but can be restored fully upon addition of CoA. This finding 


provides evidence that acetylation occurs through acetyl CoA. 


Specificity of Acetylation--Using the same hydroxylamine procedure as 
for glutamate, other amino acids were tested as acetyl acceptors. The 
results are shown in table 3. It appears that the acetylation is not specific 
for glutamate. In fact, under the testing conditions used, aspartate is con- 
sidered more active than glutamate. In the course of these tests, it was 
noted that acetyl phosphate reacts non-enzymatically with cysteine 
to form a compound, presumably N-acetyl cysteine, which gives the hy- 
droxamice acid reaction in the Katz procedure. 

Discussion—The present finding of an enzyme in extracts of E. colt 
which catalyzes the acetylation of glutamic acid lends experimental 
support to Vogel’s suggestion’ that N-acetyl glutamic acid is an 
intermediate metabolite in the biosynthesis of ornithine. In view 
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of its role in the synthesis of ornithine, the acetylation of gluta- 
mate acquires a specialized function. Through this initial acetylation 
the amino group of glutamate remains protected while the y-carboxyl 
group undergoes reduction. In an enzyme-catalyzed reaction, acetyla- 
tion is used here in a very similar manner as in organic chemistry, 
namely to protect a grouping of a molecule while another is being manipu- 
lated. If the amino group were not protected, the first product of the re- 
duction, glutamic-y-semialdehyde would presumably cyclize spontaneously 
to form A’-pyrroline-5-carboxylic acid, a percursor of proline." 


TABLE 3 
ACETYLATION OF VARIOUS AMINO ACIDS 
ACETHY ACETHY 
DROXAMIC DROXAMIC 
ACID FORMED, ACID FORMED, 
AMINO ACID uM AMINO ACID uM 
None ] 
Potassium DL-aspartate 3 


” 


DL-valine 
»L-alanine 
Potassium L-glutamate L-isoleucine 
B-alanine 

DL-ornithine 


l 

l | 

l l 

l l 
Glycine l 
I 
1 


L-histidine 


L-arginine 0 


l 
I 
l 
pDL-threonine l 
l 
l 
l 


pL-leucine DL-lysine 0 


Co SS hm oh KH OC 


DL-serine L-proline 0.9 

All tubes contain same supplements as those described in legend for table 1 plus 
0.4 ml. of sonic extract. Total volume, 2.0 ml. Incubation at 37° for 60 minutes. 
100 uM of each amino acid, except for leucine and isoleucine of which 50 uM were 
added. 


Judging from the activity of the extracts, /. coli is apparently able to 
acetylate certain other amino acids besides glutamic acid. The physi- 
ological significance of these acetylations is obscure at present. Espe- 
cially puzzling is the high activity with aspartic acid. 

Summary.—-The formation of N-acetyl] glutamic acid from glutamic acid 
using the acetyl phosphate-transacetylase system as acetyl ‘‘feeder’’ has 
been demonstrated with cell-free extracts of Escherichia coli, Evidence is 
presented that the reaction is coenzyme A-dependent. Certain other amino 
acids were also found to be acetylated. Among those acetylated, aspartic 
acid and glutamic acid were the most active ones. 
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Health Service 
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RELEASE OF MITOCHONDRIA FROM YEAST CELLS BY THE 
ACTION OF METAL-CHELATING AGENTS* 
By JosepH R. MERKELT AND WALTER J. NICKERSON 
DEPARTMENT OF MICROBIOLOGY, RUTGERS UNIVERSITY 
Communicated by S. A. Waksman, July 9, 1953 

The reduction of 2,3,5-triphenyltetrazolium chloride (TTC) by resting 
cells of a yeast, Candida albicans, appears to be localized in particulate 
structures within the cells. The reduced tetrazolium (triphenylformazan, 
TPF) can readily be seen in structures similar to those identified as mito- 
chondria by Mudd, ef a/.'? in bakers’ yeast and in bacteria. 

In the course of our studies* on the reduction of TTC by resting cells 
of Candida albicans, it was observed that certain activators of the re- 
duction, particularly potassium cyanide and the disodium salt of ethylene- 
diaminetetraacetic acid (Nax2EDTA), caused a dispersion of the water- 
insoluble formazan into the medium surrounding the cells. Light micro- 
scopic studies revealed that the coloration was due only in small part to 
the crystallization or colloidization of TPF, and resulted mainly from the 
release of TPF-stained particles from the yeast cells. The particles 
that were released were identical with particles observed inside the cell. 
Indeed, particles could often be observed on the exterior of the cell wall 
(Fig. 1). In some instances, partly ‘‘lysed”’ cells appeared to have released 
large clusters of particulate material. It was possible in the following 
manner to demonstrate the identity of the TPF-stained bodies inside and 
outside of the cells. Washed resting cells which had been in contact with 
0.005 per cent TTC for 5-10 min. were mounted on slides and observed 
under the light microscope. Hlumination from the microscope light 
hastened the reduction of TTC inside the cells.!. When numerous TPF 


stained particles became visible inside the cells and few or none were 
visible in the surrounding medium, pressure was applied to the cover slip. 
Since the NasEDTA-treated cells were extremely fragile, it was a simple 
matter to extrude most of the TPF-stained particles into the surrounding 


medium. 

Since the presence of unbound or insoluble crystals and colloidal micelles 
of TPF interfered somewhat with the identification of the particles, if the 
cells were left in contact with the TTC for long periods of time, it was 
necessary to demonstrate the mitochondria-releasing effects of potassium 
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cyanide and NasEDTA in the absence of tetrazolium. It was observed 
that cells treated either with potassium cyanide (0.005-0.01 JJ) or 
Nas2EDTA (0.01 \/) released many particles to the exterior of the cells 
and into the surrounding medium. However, it is rather difficult to 
photograph, and reproduce in print, the release of mitochondria when the 
particles are unstained. In attempts to demonstrate the presence of 
released mitochondria in the absence of TTC, a very small amount of 
nile blue sulfate (0.05°% dissolved in phosphate buffer) was added to a drop 
of a dilute suspension of C. albicans that had been exposed to | per cent 
NasEDTA for 30 min. at 37°C. The 
basic nile blue staining showed exactly 
the same picture that had been ob- 
served both with the formazan stained 
material, and with treated cells ex- 
amined in the absence of a stain. Di- 
sodium EDTA was used in preference 
to cyanide because cyanide itself re- 
duces nile blue and hydrolyzes to give a 
solution sufficiently alkaline to cause 
some spontaneous reduction of TTC 
(see Merkel and Nickerson*). 

According to Cooperstein and Laza 
row,” ® cytochrome oxidase prevents 
the reduction of Janus Green, and sup- 


posedly this reaction is responsible for 
the specific blue staining of the mito 
chondria. Janus Green B added to 
washed suspensions of C. albicans 


FIGURE 1 
rapidly underwent the color changes C. albicans (806) a filamentous 
characteristically associated with mito. "™Y"“" rom Sree eenee, Cee 
. Nis by centrifugation, washed, and sus 
chondrial activity.* ° Cell suspen- pended in a solution of TTC and 
sions of C. albicans that had been Na,EDTA for 30 min 
treated for 16 hrs. with 0.01 17 KCN 
reduced Janus Green B much more slowly (30 min.) than did cell suspen 
sions in water, in 0.01 AZ sodium chloride (5-10 min.), or in NasEDTA 
solution. However, when 0.005 7 KCN was added to the suspensions 
at the time of addition of Janus Green B, no reduction of the dye occurred 
for several hours. Microscopic observations of cells treated with Na» 
EDTA and KCN indicated that many cells had lost the integrity of their 
cell walls, but the cytoplasmic particles still retained much of the blue dye. 
In view of the confirmatory evidence obtained by the use of nile blue 
sulfate and Janus Green B, it was concluded that the action of NasxEDTA 
and of KCN on Candida albicans actually caused a release of mitochondria 
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from the cytoplasm of the cells. In many respects the reaction is similar 
to the bacteriolytic action ot cyanide causing the premature liberation of 
phage particles, as observed by Doermann.’ 

If the action of KCN and of Na,EDTA in the present studies is 
not merely lytic, the phenomenon leads to an understanding of the ‘‘muta- 
genic’ effects of cyanide.* * Variants of bakers’ yeast were obtained 
by Stier and Castor,’ after treatment with KCN, which were slow growing 
and lacked a functional cytochrome system; the small residual respiration 
possessed by the stable variants was cyanide-insensitive. Whelton and 
Phaff'’ obtained nearly identical variants of bakers’ yeast after treatment 
with ethylene oxide. Ephrussi e/ a/.'! reported obtaining a stable variant, 
termed ‘petite colonie’’ by treatment of cultures of bakers’ yeast with 
acriflavine. This variant is identical with that obtained by Stier and 
Castor by cyanide treatment. It has been reported by Mudd ef a/.* that 
acriflavine induced variants of Saccharomyces cerevisiae are devoid of 
mitochondria. 

To test the assumption that Na,EDTA could be used to produce variants 
similar to ‘cyanide saltants’’ and the ‘petite colonie’”’ variant, we grew 
two strains of C. albicans on glucose-glycine-yeast extract (GGY) plates 
containing up to 0.01 M Na,ZEDTA. One strain (582) was a typical strain 
of C. albicans, the other strain (S06) was a filamentous mutant (derived 
from 582) which has the ability to reduce TTC very rapidly (see Nicker- 
son!?), After 5 days the colonies growing on Na,EDTA plates were 
compared with controls. The difference in colony size can be noted in 
figures 2 (A) vs. 2 (C), and 2 (B) vs. 2 (D). These results have been 
obtained repeatediy. When transferred to a GGY medium lacking 
NaEDTA the sinall “wefty”’ colony shown in figure 2 (D) was obtained 
in a larger size but of the same ‘‘wefty’’ appearance, and had only very 
slight ability to reduce TTC. 

When a drop of 0.4 per cent TTC was added to colonies growing on the 
NasEDTA plates as in figures 2 (C) and 2 (D) and observed under the 
light microscope, the majority of the TPF-stained particles appeared out- 
side the cells (Fig. 3). The particles were much larger than normally 
seen and many cells seemed to have been deflated. Nile blue stained the 
majority of these large bodies a bright pink color, characteristic of lipoidal 
material. 

It should be pointed out that the two substances which caused the 
release of mitochondria from the yeast cells are both strong metal-complex- 
ing agents and could be functioning by removing metal-linked barriers, 
thus allowing the mitochondria to escape from the cells. This action 
seems to rupture the cell wall in many instances. On the basis of the 
hypothesis that strong metal complexing substances are able to disrupt 
the cell membranes by removing a metal, several other metal-complexing 
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FIGURE 2 
(A): Parent C. albicans (582) on GGY agar. (B): filamentous mutant of C. albicans 
(806) on same medium. (C): parent C. albicans grown on same medium as (A) but 
containing 0.01 14 NasEDTA. (D): filamentous mutant of C. albicans grown on same 
medium as (A) but containing 0.01 Mf NasEDTA. 
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agents have been tested with success; among these agents were sodium 
oxalate and sodium diethyldithio-carbamate. These studies are being 
continued in an effort to identify the nature of the metal barrier restraining 
mitochondria within the cell, and to determine the enzymatic activity of 
the released particles. 


FIGURE 3 
Five-day culture of the filamentous mutant of C. albicans grown on GGY 
agar containing 0.01 Mf Na,2EDTA and treated with 2 drops of 0.4 per cent 
TTC for several hours. A cover slip was placed on a small piece of the agar 
medium containing the TPF-stained cells and observed under the light micro- 
scope. Many particles outside of the cells were in rapid movement and conse- 
quently could not be brought into focus 
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THE ROLE OF THE TRICARBOX YLIC ACID CYCLE IN AMINO 
ACID SYNTHESIS IN ESCHERICHIA COLI 
By R. B. Roserts, D. B. Cowik, R. BRITTEN, E. BOLTON, AND P. H. 
ARELSON 


DEPARTMENT OF TERRESTRIAL MAGNETISM, CARNEGIE INSTITUTION OF WASHINGTON, 
WASHINGTON, D.C. 


Read before the Academy Apr'l 30, 1953; communicated by M. A. Tuve, June 29, 1953 


For the past three years we have been using a variety of C't compounds in 


studies of amino acid synthesis in Escherichia coli. Some of the results 


obtained with C'4O, have been published! and a report of other experi- 
ments using C!'-acetate is in manuscript.” In addition to these tracers 
C'4+-labeled glucose and C!4-labeled amino acids have been used. As a 
result we have accumulated a wide variety of data concerning the utiliza- 
tion of various carbon compounds in amino acid synthesis. A large part of 
the results bear on the synthesis of aspartic acid and glutamic acid and can 
be interpreted in terms of the Krebs cycle. This paper describes the opera- 
tion of the cycle and the following paper® shows the utilization of the 
aspartic and glutamic acids as precursors for the synthesis of two families 
of amino acids. The interpretation of the data shows that the Krebs 
cycle is of importance in amino acid synthesis, accounting fer more than 
50 per cent of the protein carbon, but relatively unimportant as a mech- 
anism for oxidizing glucose. 

Methods.—Cultures of FE. coli, strain B, were grown with aeration at 37°C. 
in mineral media containing appropriate carbon sources, one source being 
labeled with C'*. After one hour's exponential growth, during which the 
bacterial mass doubled, the cells were harvested and their protein was 
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purified by successive extraction with cold trichloracetic acid, alcohol, 
alcohol-ether, hot trichloracetic acid, and ether. The protein was then 
hydrolyzed (6 N HCI, 106°, 18 hrs.) and two-dimensional paper chromato- 
grams made of the hydrolysates. Sec. butanol/formic acid/water (70:- 
20:10) and phenol/water/NH; (80:20:0.3) were used as solvents. The 
radioactive regions were located by making radioautograms, thus allowing 
the relative radioactivity of the various spots to be counted directly on the 
paper. Using C''-glucosef as a sole carbon source, all the bacterial carbon 
contained C'* and measurements of the radioactivity of the spots gave the 
relative abundance of the amino acids of the hydrolysate. These relative 
abundance values were then used to calculate the specific radioactivity of 
the amino acids in other experiments. This method gave values in good 
agreement with those obtained by eluting the amino acids from the paper 
and measuring the radioactivity and amino acid content of the eluate. 

The C'*-glucose was prepared from Canna leaves’ exposed to C'O, 
and the C'*-amino acids were isolated from Chlorella‘ grown in the presence 
of C#4Ob. 

Location of C'*-Cells were grown in the presence of C!*-glucose and 
either CO, or CH; COOH. Aspartic acid and glutamic acid were iso- 
lated from the purified protein and degraded®~’? to determine the position 
of the C'*. The observed values are listed in table 1 and compared with 
the values predicted from the Krebs cycle model. 

In figure 1 the schematic diagram of the Krebs cycle shows that when 
CO» condenses with C'-pyruvic acid and is then converted to aspartic 
acid without passing through a symmetrical intermediate all of the C'* 
should be located in the C-4 of aspartic acid. On the other hand, if the 
pathway involves a symmetrical intermediate, or a rapid exchange with a 
symmetrical intermediate, then the C'* should be equally distributed be- 
tween the C-1 and C-4 of aspartic acid. The observed values indicate that 
roughly two-thirds of the aspartic acid is formed by way of a symmetrical 
intermediate. The spread in observed values is probably due to variations 
in the state of the cells rather than to an experimental error. 

Fumaric acid appears to be the symmetrical compound involved. When 
C!*-fumarie acid was added to the medium, C''-fumaric acid was formed by 
the cells and released into the medium. This C'*-fumaric acid was formed 
by the cells from both C™O, and from C'-glucose. In contrast to this, 
C!*-succinie acid caused the release of C'*-succinie acid into the medium 
when the cells were supplied with C'*-glucose and C!*O, but not when they 
were using C'*-glucose and C'O,. The carbon of C'O, evidently does not 
enter succinic acid. 

If the flow is clockwise in the Krebs cycle (figure 1) then only one of the 
two radioactive carbons found in aspartic acid will appear in glutamic 
acid and this carbon will appear as C-1 in glutamic acid. Table 1 shows 
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Schematic diagram of Krebs cycle. Various carbon atoms are lettered to facilitate 


identification. The numbers refer to the flow expressed in » mol/g. dry cells/100 sec. 
These flow numbers apply only to cells growing exponentially with glucose, acetate, 


and COs as carbon sources 


TABLE 1 


DISTRIBUTION OF C!4 IN ASPARTIC AND GLUTAMIC ACIDS 
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that this prediction is fulfilled; the C-1 of aspartic acid is lost as CO, in 
passing around the cycle to glutamic acid. 

The distribution in glutamic acid of C'' derived from CH;C'OOH 
depends slightly on the flow in the various branches of the cycle. The pre- 
dicted distribution is calculated for typical flow conditions (see below) and 
agrees with the observed distribution. 

C'-Glutamic and Aspartic Acids.-Experiments in which C'!-glutamic 
and aspartic acids were added to the usual glucose medium showed that 
these amino acids were incorporated and interconverted by the cell. The 
Krebs cycle provides a mechanism for this interconversion and furthermore 
predicts that while glutamic acid could provide all four carbons for aspartic 
acid, aspartic acid could only contribute three of the five carbons of glutamic 
acid. When C!*-glutamic acid was fed at high levels (1 mg./ml.) the 
specific radioactivity of the bacterial aspartic acid was found to be 7S per 
cent of the specific radioactivity of the bacterial glutamic acid indicating 
that 3.9 of the four carbons of aspartic acid were derived from glutamic 
acid. At high levels of aspartic acid, the specific radioactivity observed in 
glutamic acid was 72 per cent of the specific radioactivity of the bacterial 
aspartic acid showing that 2.9 of the five carbons of glutamic acid came from 


aspartic acid. 
On the other hand, when 1-C'!-glutamie acid (isolated from FE. coli 
grown in the presence of C''O.) was added to the medium, C' was found in 


the glutamic acid (and in the proline and arginine derived from glutamic 
acid) but not in aspartic acid family. This observation confirms the 
prediction based on the Krebs cycle that the C-1 of glutamic acid should be 
lost in passing clockwise around the cycle to aspartic acid. This loss must 
occur before succinic acid is formed as succinic acid synthesized in the 
presence of CO, does not contain C'. 

Specific Radioactivities—According to the cycle, oxaloacetic acid is 
derived partly from the carbon entering the cycle (P of figure 1) and partly 
from carbon which has passed around the cycle (A of figure 1). The 
previous paragraphs have shown that when C''O, is used as tracer the car- 
bon passing around the cycle is entirely C'’. Asa result the aspartic acid, 
assumed to have the same isotopic content as oxaloacetic acid, should have 
a specific radioactivity lower by a factor of P/(P + A) than the specific 
radioactivity of the input CO,. Values of 50 to SO per cent have been 
observed indicating that the circulating flow A contributes from 20 to 50 
per cent of the carbon. 

The cycle also predicts that C-4 of oxaloacetic acid is the sole source of 
C-1 of glutamic acid. The same specific radioactivity is observed in C-1 
of glutamic acid as in the C-4 of aspartic acid confirming the prediction 
and indicating that oxaloacetic acid has the same isotopic content as 


aspartic acid. 
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C'-Acetate.—-The ratio of the specific radioactivities of glutamic acid 
and aspartic acid derived from C'*-acetate also provides a sensitive measure 
of the relative flow in the branches P and A. Calculations based on the 
cycle show that when C'4H;COOH is used as tracer this ratio is (7A? + 
1OKAP + 4P*)/(6K* + 4K P), and when CH;C'OOH is used the ratio 
becomes (2P + 3K)/2K. The observed ratio varies from 2.5 to 5 indicat- 
ing that the branch A contributes 22 to 50 per cent of the carbon. 

The range of values obtained with acetate correspond to the range 
obtained with CO.. Five parallel cultures were grown under identical 
conditions. In all cases the media contained glucose, acetate and CO» 
as carbon sources. Five C'‘-labeled compounds were added, one to each 


TABLE 2 
PRODUCTS OF KREBS CYCLE 
PROTRIN CARBON, “{ 
Glutamic acid 12 
Arginine 6 
Proline 4 


Glutamic acid family 
Aspartic acid 
Lysine 
Threonine 
Isoleucine 
Methionine 


Aspartic acid family 
Total protein from Krebs cycle 

Glutamic acid peptides 

Pyrimidines derived from aspartic acid 

Total non-protein 12.00 12.00 
TOTAL 66.4 


tube. Under these conditions the flow calculated from one tracer should 
equal the flow calculated from the others. The ratio of P/K calculated 
from the culture incorporating C'O, was 69/31; the cultures using C'H;- 
COOH and CH;C'OOH gave ratios of 71/29. C'*-glucose and 1-C!*- 


glucose gave a ratio of 70/30. 

Experiments with C'*-glucose as a sole carbon source served to measure 
the relative abundance of the various products of the Krebs cycle (table 2). 
The quantity of Krebs cycle intermediates leaking out of the cell into the 
medium was estimated by examining the culture fluid after cells had grown 
in the presence of C''O, and C'‘-acetate. From these data and the ob- 
served ratio P/K, the flow in the remaining branches of the cycle can be 
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calculated. The numbers in figure | show the flow (in micro-moles/gram 
dry cells/100 sec.) for a typical case of cells growing exponentially with 
glucose as the principal energy source. 

The over-all validity of this flow diagram was checked independently by 
comparing the predicted and observed production of C'O, from CH;C!- 
OOH. (Predicted 18 per cent; observed 14 per cent.) However, it should 
be emphasized that the addition of other carbon sources may alter the 
flow drastically. The addition of glutamic acid for example reduces 
markedly the incorporation of CO, and acetate. Furthermore, the circulat- 
ing flow A depends on the temperature and on the phase of growth; 


CO, 40-50% 
© GLUCOSE ——————{ In MEDIUM 20-30% 
In CELLS 30% 


PYRUVATE eno — > acetate ——~2% _, to medium 


me 25___, 1 ipips 
~ 300 
2 7.0 ss LEUCINE 














FIGURE 2 
Utilization of glucose by E.coli. The numbers express the flows 
in » mol/g. dry cells/100 sec. A symbolizes aspartic acid plus 
products; G symbolizes glutamic acid plus products. 


as cells came out of a lag phase into exponential growth the fraction cir- 
culating increased from 18 to 29 per cent. 

The flows in the Krebs cycle can also be related to the total flow of glu- 
cose Four grams of glucose are utilized to produce 1 g. of dry cells. 
Roughly 50 per cent of glucose is converted to CO, — Since the distribution 
of carbon in the cell is known from experiments with C'*-glucose, the initial 
flow of glucose can be compared to the flow in the Krebs cycle Figure 2 
shows that less than one-sixth of the glucose carbon enters the Krebs cycle. 
Furthermore, the total CO, produced from the glucose is about 1260 umol /- 
g. cells /100 sec. whereas the net CO, production of the Krebs cycle is only 
38 wmol./g. celis/100 sec. 
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Accordingly, the Krebs cycle accounts for only a small fraction of the 
total oxidation carried out by the cells and its importance as a possible 
source of energy is correspondingly small. 

Experiments with other micro-organisms show patterns of C'* incorpora- 
tion similar to those observed with /. coli. While the complete flow 
patterns have not been worked out, it appears that the Krebs cycle plays an 
important role in amino acid synthesis of 7oru/opsis utilis and Neurospora 
crassa. Chlorella pyrenoidosa, growing by photosynthesis, showed a pattern 
of acetate incorporation similar to /. coli. 

Summary.—By observing the incorporation of C'* from various carbon 
sources into the amino acids of F. coli it is possible to demonstrate the 
occurrence of most of the features predicted by the Krebs cycle. It is then 
possible to determine the flow in the various branches of the cycle using one 
tracer and to check the flows so established by use of other tracers. This 
method does not prove the chemical constitution of the intermediates 
involved but it does establish so many of their properties that it furnishes 
strong support for the types of compounds postulated in the Krebs cycle. 

The flows established show that the cycle provides more than 50 per cent 
of the carbon required for protein synthesis but it is relatively unimportant 
as a mechanism for oxidation. These experiments provide a quantitative 
basis for the suggestion of Krebs, Gurin, and Eggleston*® that ‘‘the com- 
ponent reactions of the cycle serve to supply intermediates for organic 


synthesis.”’ 
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In the previous paper! the synthesis of aspartic and glutamic acids was 
shown to be a chief consequence of the operation of the Krebs cycle in 
Escherichia coli. The present paper will describe the biosynthesis of a 
number of other amino acids for which either aspartic or glutamic acid 
serves as the parent substance. 

The isotopic competition method*~‘ among carbon compounds has 
been used extensively in these studies. Where only one carbon source, 
such as glucose or acetate supplies all the carbon needs of the cell, all the 


cellular carbon becomes radioactive. If, in addition, an unlabeled source 
of carbon is made available to the cell, it is often found to be selectively 
utilized for specific biosyntheses. In this way the labeled and unlabeled 
compounds may be said to compete for a place in the biologically syn- 


thesized chemicals of the cell. It is desirable in most studies to label the 
compound of a competing group which is the least widely used by the cell, 
for then even very minor ways of utilization are readily observed. How- 
ever, it is not always possible to obtain metabolites in the labeled form: 
in these cases a labeled metabolite such as C'-glucose* opens the way to 
study of the non-radioactive metabolites by observing their competitive 
effects. 

The use of various C'‘-labeled compounds in this way has revealed 
pathways of synthesis for proline and arginine of the glutamic family, 
and for diaminopimelic acid, lysine, threonine, isoleucine, and methionine 
of the aspartic family. These amino acids and their parent substances, 
aspartic and glutamic acids, contain over half the carbon of the bacterial 
protein. Thus, the pathways which lead to them number among the 
important assembly lines for protein synthesis. The pathways found 
are in essential accord with those based upon studies with biochemical 
mutants or cell-free enzyme systems. 

Materials and Methods.—-The C'*-labeled compounds, assay techniques, 
and culture methods used in these studies have been described in the 
preceding paper.' The data presented in the tables are from measurements 
made on amino acids isolated from bacterial protein hydrolysates by two- 
dimensional chromatography. 

Results and Discussion.-In table 1 are summarized distributions of 
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C'* among the amino acids which derive most of their carbon from the 
Krebs cycle. The tracer compounds used for these determinations were 
CO,, C'H;COOH, CH;C'OOH, C'*-aspartic and -glutamic acids, and 
1-C'*-glutamiec acid. The molar ratios of these amino acids in the protein 
hydrolysates analyzed are shown in the bottom line. It is apparent that 
the bacterial amino acids may be classified in two groups: those having 
specific activities like that of glutamic acid and those having specific 
activities like that of aspartic acid. This classification is valid whether 
one tracer compound or all are considered. No other amino acids of 
the bacteria, except leucine in the case of acetate, are labeled strongly by 
these tagged compounds. 


TABLE 1 


DISTRIBUTION OF C!4 IN THE ASPARTIC AND GLUTAMIC FAMILIES 


RELATIVE SPECIFIC ACTIVITY OF BACTERIAL AMINO ACID 
TRACER COMPOUND Glu Pro Arg* Asp Thr Isol Meth Lys DAP 


ore re ee 1 
0 3 3 


CHO, 1.0 1.0 
C'H;COOH 1.O- 64.0 
CH;,C'OOH 1.0 1.0 ; =: 
1-C'*-glutamic acid 1.0 1.0 0 0 0 0 
C'4-glutamic acid 1.0 1.0 0.81 0.78 O 
C'*-aspartic acid ro ¥.7 Pe a FY ae 1.3 


Relative abundance 10 0.44 0.6 ( 45 0.29 0.15 0.66 0.042 


1 
1 
1 
l 
| 
| 


* Ornithine moiety only. 


TABLE 2 
UTILIZATION OF RADIOACTIVE AMINO ACIDS FOR AMINO ACID SYNTHESIS IN &, coli 


RELATIVE SPECIFIC ACTIVITY OF BACTERIAL AMINO ACID 
LABELED AMINO ACID Glu Pro Arg Asp Three Isol Meth Lys DAP 


C'*-glutamic acid 1.0 1.0 0... &7 .&2. 08 .. 62 7 oe 
1-C'*-glutamic acid 1.0 1.0 1.0 0 0 
C'*-_proline ~~ 2.0 ~O 0 
C'*-arginine ~0O ~0 0 
C'4-aspartic acid a ‘ 2 1.0 
C'*-threonine 0 
C'*-jsoleucine 0 
2-C'4-methionine 0 


The distinction between these families is also supported by the location 
of the isotope within the molecules of each family. Where COs, is used 
the label is found almost entirely in the C-1 of glutamic acid, proline and 
the ornithine moiety of arginine. In the aspartic family it is found in 
C-1 and C-4 of both aspartic acid and threcnine; 70 to SO per cent of the 
isotope is in C-4 and 20 to 30 per cent in C-1. In the case of lysine and 
methionine, 20 to 30 per cent of the radioactivity of each molecule is 
released by ninhydrin treatment which frees C-1. 





1022 BIOCHEMISTRY: ABELSON, ET AL. Proc. N. A. S. 


Relationships among the amino acids within each family during their 
synthesis also have bee explored by means of isotopic competition. A 
summary of experiments in which C'‘-labeled compounds were supplied 
to F. coli growing with non-radioactive glucose as an alternative carbon 
source is shown in table 2. Some of the data have been taken from table 1 
for comparison. These data and others are discussed below in terms of 
pathways of synthesis. 

Glutamic Family.—In the glutamic family two pathways lead from 
glutamic acid, one giving rise to proline and one independently giving rise 
to arginine. Either C'*-glutamic acid or 1-C'*-glutamice acid yields proline 
and arginine. C!*-proline yields proline. Not more than a few per cent 
of the C'!-proline supplied is converted to glutamic acid or arginine. An 
analogous result is found for C'-arginine. Proline and arginine are 
utilized, therefore, for specific purposes and in a very effective manner 
in spite of the presence of glucose. The pathways are confirmed by many 
experiments in which other metabolites are labeled. Where C!'-glucose 
is used, adding non-radioactive proline suppresses completely incorpora- 
tion of C'* into bacterial proline. No effect is noted upon glutamic acid 
or arginine. The same results are obtained using C'O., C'4-acetate, C'*- 
glutamate, or C'-aspartate as tracers. An exactly similar series of 
results is found in the analogous case of arginine. 

Proline synthesis. As glutamic y-semialdehyde was indicated to be an 
intermediate in proline synthesis® it was tested by isotopic competition.® 
Non-radioactive glutamic y-semialdehydet was supplied to cells growing 
on C!*-glucose. No radioactivity was found in the bacterial proline; 
all other amino acids of the proteins were radioactive Therefore, glu- 
tamic-y-semialdehyde can serve as a source for all the carbon atoms of 
proline in these cells and the pathway may be written: glutamic acid > 
glutamic-y-semialdehyde — proline. 

These experiments are an excellent demonstration of the usefulness of 
the isotopic competition method for the study of the role of relatively 
unstable intermediates. With C!‘-glucose as the tracer material it was 
unnecessary to prepare the unstable C'‘-glutamic y-semialdehyde in order 
to determine its role in biosynthesis. At the same time any unsuspected 
alternative routes of utilization of the intermediate would have been 
observed had they been significant. 

Arginine synthesis. The over-all pathway for the synthesis of arginine 
was established with C'O..4 This tracer labels both C-1 and the amidine 
carbon. C-1 is derived from glutamic acid via ornithine, while the amidine 
carbon is independently derived through citrulline. Recent work has 
added to knowledge of this pathway." ’ With C'*-glucose as the tracer, 
N*-acetylornithine, ornithine, citrulline, and arginine are all effective 
competitors. When N*-C!’-acetyl-C'-glutamic acid is supplied to the 
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cells arginine is found to contain approximately 90 per cent of the C'; 
degradation of this arginine with arginase Gemonstrated the amidine 
carbon to be free of radioactivity. Randomly labeled ornithine also 
contributes largely to arginine; again no radioactivity was found in the 
amidine carbon. Thus the pathway appears to be: 


glutamic acid ————> N-acetylglutamic acid ——-—> Ne-acetylornithine —-———> 


* 


es COn ; rat 
ornithine — > citrullme —————> arginine. 


The specific activities of the ornithine moiety of arginine and glutamic 
acid are the same when C'OQ., CH;C'OOH, C'*-aspartic acid, or C!*- 
glutamic acid are used as tracers. Since C!*O, labels C-1 of glutamic 
acid, acetate chiefly C-4 and C-5, and aspartic acid C-1-2 and -3, it is 
reasonable to conclude that in the derivation of the 5-carbon chain of 
arginine from glutamic acid, correspondence among the carbon atoms 
is preserved. 

Aspartic Family —-Table | shows aspartic acid to be the parent material 
of the aspartic family. All the amino acids of this family derive as much 
carbon per mole from C'‘-aspartic acid as bacterial aspartic acid itself 
does. None of the other amino acids, except glutamic acid, can cause 
this effect. In the case of C''-glutamic acid the members of the aspartic 
acid family are labeled to the same degree as aspartic acid. The degree 
to which they are labeled closely approaches that expected from the 
operation of the Krebs cycle where glutamic acid gives rise to aspartic 
acid (specific activity aspartic acid + glutamic acid = 0.78 observed; 
0.8 expected). The data of table 2 also describe some features of the 
synthesis of the aspartic family. In addition to these results, homoserine 
suppresses the radioactivity of threonine, isoleucine, and methionine 
but not of lysine, aspartic, or diaminopimelic acids when C'!-glucose, 
C'4-glutamic acid, C'!-aspartic acid, or CO. are used as tracers. The 
family relationships may then be described as: 


methionine 
si 


aspartic acid + homoserine > threonine > isoleucine 
| »\ 


lysine diaminopimelic acid 


Lysine and diaminopimelic acid (DAP). Lysine has the same specific 
activity as aspartic acid when cells are cultured in CO, C'‘-acetate, 
C'*-glutamic acid, or C'-aspartic acid. In the C'O, case both aspartic 
acid and lysine contain 20 to 30 per cent of the radioactivity in the C-1 
position. Lysine clearly is derived from aspartic acid. A similar situation 
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holds for diaminopimelic acid. Neither DAP, a-aminoadipic acid nor 
the pipicolic acid derivative of lysine have been found to alter the radio- 
activity of lysine or DAP. 

Methionine. The synthesis of methionine in /. coli has been studied 
with both C'* and $*, Table 2 demonstrates that C!'‘-aspartic acid is 
used in methionine synthesis. With C'O, as the tracer, the C-1 carbon 
of methionine contains 20 to 30 per cent the activity of the molecule, like 
the other members of this family. C''-threonine does not give rise to 
methionine, whereas homoserine does, since it effectively suppresses uptake 
of C'* into methionine whether the tracer is derived from COs, aspartic 
or glutamic acids, or glucose. Neither S*® nor 2-C'4-methionine is metab- 
olized so as to yield other amino acids of the proteins. 

Cystine and homocystine have been found to serve as good sulfur sources 
for methionine. Homocystine suppresses C'! uptake into methionine from 
CMO, and C'*-glucose, whereas cystine is ineffective. 


TABLE 3 
SYNTHESIS OF THREONINE AND ISOLEUCINE FROM C!4-GLUCOSE 
RELATIVE RADIOACTIVITY, 
PER CENT OF CONTROL 


COMPETITOR ASPARTIC THREONINE ISOLEUCINE 


None (control) 100 100 100 
Homoserine 100 5 35 


Threonine 100 5 35 
Isoleucine 100 100 5 
a-NHe.-butyric acid 100 100 35 
a-ketobutyric acid 100 221.3800 35 
a-keto-8-OH butyric acid 100 100 100 
a-keto-8-CHy, valerie acid 109 100 5 


Threonine and isoleucine. Both threonine and isoleucine are derived 
from aspartic acid via homoserine. C'! from C'‘-aspartic acid or C!- 
threonine is found in both bacterial threonine and isoleucine, while C''- 
isoleucine labels bacterial isoleucine only. The synthetic pathway thus 
appears to be essentially ‘‘one way’’ in the direction of isoleucine synthesis. 
The data of table 3 support this idea and give additional information 
regarding possible steps in isoleucine synthesis. In these experiments, 
C'*-glucose was the tracer while the supplements added were non-radio- 
active. The aspartic acid — isoleucine pathway already mentioned 
is clearly shown. In addition, a-amino butyric acid, a-ketobutyric acid, 
and the keto analog of isoleucine, a-keto $6-methyl valeric acid, are 
effective competitors in isoleucine synthesis. The four-carbon competitors 
supply 65 per cent of the carbon for isoleucine while its six-carbon analogue 
supplies 95 per cent. One interpretation of these results may be described 


as: 
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a-aminobutyric acid 
, 


| 
Bee d 
} | 


} | 
aspartic acid —-—— homoserine — + threonine ———— a-keto butyric acid ——-—— 
a-keto 8-methyl valeric acid —-——> isoleucine 
The results presented in the previous paper and this report describe the 
synthesis of the Krebs cycle group of amino acids in normal growing 
E. coli. They may be interpreted according to the scheme shown in 
figure | in which the flow of carbon from carbon dioxide, acetate, and 
pyruvate is traced through the tricarboxylic acid cycle and along the 
pathways of amino acid synthesis. The values given at each branch in 
the system are in uw M/100 see./g. dry weight of cells and are also a measure 
of the relative abundance of the products formed. The compounds in 
parentheses are intermediates which are not parts of the permanent 
protein or nucleoprotein of the bacteria. 


ASPARTIC ACID LYSINE METHIONINE THREONINE 
W.5 5.6 3.2 5.0 
r>(ASPARTIC (HOMOSERINE )—>(THREONINE )-% iso. EUCINE 
ACID) 4.1 0.4 
PYRIMIDINES DIAMINOPIMELIC ACID 


C02 
ACETATE }—> 
PYRUVATE 


GLUTAMIC ACID 
15 


+(GLUTAMIC <-4.9-»(N-ACE TYLGLUTAMIC —>(N™ ACE TYLORNITHINE )—> 
ACID) 





Pe (ORNITHINE )—>(CITRULLINE )—»ARGININE 
, \ 
\ 
4 
(GLUTAMIC -y - SEMIAL DE HYDE )—*PROLINE 
FIGURE 1 


Pathways of amino acid synthesis in Escherichia coli 


Pathways in Other Organisms.—Using these methods many of the path- 
ways described above for strain B £. coli have been found in the yeast, 
Torulopsis utilis and the mold, Neurospora crassa. Some of them, notably 
the formation of the aspartic and glutamic families, appear also in the 
photosynthesizing organism, Chlorella pyrenoidosa. In 7. utilis, for ex- 
ample, proline and arginine are derived from glutamic acid and the sequence 
aspartic acid — threonine — isoleucine has been observed. Significant 
differences among these organisms have also been noted. Where, in F. coli 
lysine is synthesized by mechanisms involving CO, fixation and the utiliza- 
tion of aspartic acid, in 7. utilis lysine synthesis does not involve CO» 
fixation. In £. coli exogenous threonine is utilized for glycine and purine 
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synthesis as well as in the formation of isoleucine. In 7°. utilis only 
isoleucine and threonine are found to derive C'! from the C'*-threonine 
provided. Methionine is also metabolized very differently in the two 
organisms. In F. coli it is utilized solely as a source of protein methionine 
while in the yeast its sulfur may be found in the cystine of the proteins 
and of glutathione, and also in the nucleic acids. Cystathionine, a known 
methionine precursor in Neurospora, while being ineffective in suppressing 
radiosulfur uptake in /. coli is a highly effective competitor in the mold 
and also in 7°. utilis. Thus, the competition method has proved also to 
be useful in studies of the comparative biochemistry of synthesis. 
Summary.—In Escherichia coli aspartic and glutamic acids are formed 
by means of the Krebs cycle. Aspartic acid gives rise to a family of amino 
acids which include lysine, diaminopimelic acid, threonine isoleucine, and 
methionine. Homoserine is an intermediate in the formation of methionine, 
threonine, and isoleucine. a@-Aminobutyric acid, a-ketobutyric acid and 
a-keto §-methyl valeric acids serve as precursors in isoleucine synthesis. 
Glutamic acid gives rise to another family of bacterial amino acids which 
include proline and arginine. Glutamic y-semialdehyde is an intermediate 
for proline formation while N-acetylglutamic acid, N*-acetyl ornithine, 
ornithine, and citrulline are arginine precursors. By extensive use of the 
isotopic competition method, which takes advantage of the selective 
utilization of substrates by micro-organisms, it has been possible to account 


for the origins of over half the amino acid residues of the protein of EF. colt. 
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INDISPENSABLE GENE FUNCTIONS IN NEUROSPORA* 
By K. C. ATwoop AND FRANK MUKAI 
BroLtocy Diviston, OAK RIDGE NATIONAL LABORATORY 
Communicated by George Wald, August 26, 1953 

The point was raised by Delbriick! in 1946 that the apparent absence of 
multifunctional genes in Neurospora might be an artifact arising from the 
screening methods employed in securing biochemical mutants. Qualita- 
tively, this argument may be summarized as follows: Certain gene func- 
tions are indispensable; that is to say, they cannot be compensated by the 
use of complex media. If the frequency of indispensable functions is high, 
there will be a high probability that a multifunctional gene has at least 
one indispensable function. Mutation of such multifunctional genes would 
be lethal on complete medium and would pass unnoticed. The detectable 
mutations would involve a preponderance of unifunctional genes, and an 
erroneous impression would be created that mutations usually affect single 
biochemical functions. Such a possibility was potentially a serious objec- 
tion to any generalization about gene action, such as the one gene-one en- 
zyme hypothesis, based solely on the properties of biochemical mutants. 

In order to evaluate this suggestion Horowitz” * has proposed an experi- 
mental estimate of the relative frequency of mutations involving indis- 
pensable functions. The experiment consists in obtaining mutants which 
differ from wild type in not growing on minimal medium at certain tem- 
peratures, usually in the higher portion of the normal temperature range. 
These mutants can be maintained on any medium at a favorable tempera- 
ture, irrespective of the nature of the phenotype at unfavorable tempera- 
tures. They are transferred to complete medium at an unfavorable tem- 
perature, and those which do not grow have lost functions which are, by 
definition, indispensable. Such mutants are irreparable in the sense that 
the particular complete medium used in the experiment does not restore 
growth at the unfavorable temperature. This procedure can be considered 
adequate to find the relative frequency of indispensable functions only if 
it is assumed that “genes controlling indispensable functions are just as 
likely to yield temperature alleles as those controlling dispensable func- 
tions.”’* The proportion of irreparable temperature mutants has been 
taken as a direct representation of the proportion of indispensable fune- 
tions and has been reported to be 46° in Neurospora crassa and 23°% in 
Escherichia coli.* > If the inherent assumption is accepted, it would appear 
from these experiments that the greater part of the genome in these or- 
ganisms is accessible to the methods of biochemical genetics. If this were 
true, it would lend some credence to generalizations arising from the study 
of biochemical mutants, and indeed it is partly on this basis that the one 
gene-one enzyme hypothesis has been supported. 
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Another method for obtaining irreparable Neurospora mutants has been 
described.’ Mutants obtained by this method may be referred to as hetero- 
karyon mutants because the mutant nuclei are propagated indefinitely 
under conditions of heterokaryotic symbiosis with nuclei bearing normal 
genes capable of performing the indispensable functions. They may also 
be described as recessive lethal mutations, by analogy with similar muta- 
tions maintained as heterozygotes in diploid organisms. The heterokary- 
otic cultures produce both heterokaryotic and homokaryotic conidia, and the 
latter are easily tested for their ability to grow on various media. The ir- 
reparable mutants can grow only as heterokaryons with genetically com- 
plementary nuclei, but the reparable mutants can also grow as homo- 
karyons if complete medium is provided. This method has the advantage 
that the reparable mutants obtained thereby are absolutely the equivalent 
of biochemical mutants obtained by other general methods. It is likely, 
but not entirely certain, that all of the possible irreparable mutants can 
also be detected by this method. The question of whether any are unde- 
tectable need not seriously concern us, however, because our results differ 
from those of Horowitz in the direction which cannot be explained on this 
basis. When 190 of the heterokaryon mutants obtained after ultra-violet 
irradiation were tested on Neurospora complete medium, only seven 
showed any homokaryotic growth. Over 96°) of these mutants had lost 
indispensable functions, in strong disagreement with the results obtained 
with temperature mutants. 

We have been reluctant to base any conclusions on the discrepancy be- 
tween induced heterokaryon and temperature mutant data because a 
certain proportion, not precisely known, of the induced heterokaryon 
mutants are chromosomal deficiencies, or otherwise genetically complex. 
One would expect most of the multiple losses to be irreparable even if the 
frequency of indispensable functions is low. The selection of temperature 
alleles certainly excludes genetic complexity, and therefore a comparison 
of data obtained by the different methods has seemed unwarranted. This 
difficulty has now been overcome by the use of spontaneous heterokaryon 
mutants. It is our basic assumption that spontaneously occurring muta- 
tions rarely involve more than one locus at a time and should therefore 
yield stocks which are comparable with temperature mutants, at least with 
respect to the relative frequency with which they are reparable. It will be 
seen that there is in fact a highly significant difference between the repara- 
ble proportions of heterokaryon and temperature mutants. 

Methods and Results.--Spontaneous recessive lethal mutations were de- 
tected and maintained in the methionine-amycelial nuclear component 
of a heterokaryon between ornithine (29997)A and methionine-amycelial 
(4894-422)A in the following manner: The macroconidia from week-old 
cultures of the heterokaryon are plated in minimal sorbose agar and incu- 
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bated four days at 33°C. Since no supplements are added to the plates, all 
colonies originate from heterokaryotic cells. The colonies are isolated in 
tubes of minimal glycerol agar, where they conidiate profusely within a few 
days. The conidia of each isolate are suspended in water and surface- 
streaked on sorbose agar with added methionine. The methionine permits 
the growth of methionine-amycelial homokaryons. When the streaks are 
examined after 48 hours of incubation the normal heterokaryotic colonies 
are, in most cases, heavily interspersed with morphologically distinct 
amycelial homokaryons. Occasional streaks show none of these homo- 
karyons, and these streaks represent cases where a lethal mutation was 
carried by the amycelial nuclei in the single conidium from which the cul- 
ture was grown. Such mutations are detectable if they originate during the 
growth of the preceding (initial) culture, or even in the heterokaryotic 
conidia themselves, since a large proportion of the latter contain but a 
single amycelial nucleus in addition to one or more of the ornithine nuclei. 
The heterokaryons bearing the desired mutant nuclei were reisolated from 
the streaks. In this manner a total of 58 mutants was obtained from 2764 
isolates. 

The cultures from which the mutants were selected were interrelated 
through a lineage of mass transfers and it is possible for any number of the 
mutants to have shared a common mutational origin. All repetitions of the 
same mutant must be discarded. The mutants were therefore tested for 
homology by the following method.’ A conidial suspension in water is 
prepared from each stock. The suspensions are mixed in all the possible 
pairwise combinations, of which a total of n(m — 1)/2 can be formed from n 
mutants. Each mixture is centrifuged to a firm pellet and a portion of each 
pellet is transferred to a sorbose agar surface and incubated for 12 hours, by 
which time the conidia have coalesced. The germinating conidia establish 
cytoplasmic connections at innumerable points, and nuclei which were 
previously in separate cells now find themselves together in a common 
cytoplasm. The coalescent masses are then isolated in glycerol agar tubes 
where they produce a profusion of aerial hyphae and conidia. The purpose 
of the foregoing procedure is to mix as thoroughly as possible the nuclei 
from the contributing stocks, so that the conidia of the mixed coenocyte 
will have the best chance of containing new combinations of nuclei. Some 
of the conidia formed by the culture which results from such a mixture 
may be expected to contain at least one amycelial nucleus from each of the 
contributing heterokaryons, and no other type of nucleus. Cells with 
this nuclear constitution are homokaryotic for amycelial and are therefore 
potentially able to initiate amycelial colonies. However, they are viable 
only if the lethal mutations are not homologous. Thus the conidia of the 
mixture may produce some amycelial colonies whereas the original com- 
ponents produce none. The presence of such amycelial colonies shows that 
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the two mutations are different, and also very satisfactorily confirms the 
most important basic postulate of the system; namely, that the nuclei 


which carry lethal mutations are cryptically propagated in the hetero- 
karyons. 

The data from such an experiment can be conveniently summarized in 
the form of figure 1. The mutants are arranged in order along adjacent 


GATURE ‘MBER OF NUMBER OF 
SOLATES «= MUTANTS. 


100 
100 


120 


FIGURE | 


Homology tests of 57 spontaneous heterokaryon mutants. The mutants are num- 
bered in chronological order of isolation. The solid squares represent homologous tests; 
that is, mixtures which produced no amycelial colonies. The open squares are non 
homologous pairs: all produced numerous amycelial colonies. The interpretation of the 
figure is fully described in the text 


sides of the square to form a coordinate system in which the result of each 
test may be represented in duplicate, once on each side of the diagonal. 
This arrangement facilitates recognition of three possible conditions which 
may pertain toa mutant. First, it may be homologous with no other mem- 
bers of the series; this is true of mutant number one, for example. Second, 
it may belong to a group of identical mutants, as does mutant number five. 
The identity of the members of the group is reflected in an exact coincidence 
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of their patterns of homology. Third, it may participate in an inclusive 
complex, as when one mutant is homologous with two others and these in 
turn are not homologous with each other. We have found many examples 
of inclusive complexes among mutants isolated from radiation experi- 
ments, and it seems likely that these represent chromosomal deficiencies. 
It is noteworthy that no such complexes have been found among the 
spontaneous mutants, but the series is too small to be entirely certain that 
they do not occur. 

Conidia formed by each mixture were streaked on the surface of sorbose 
agar with methionine and in 1383 of the 1596 tests shown in figure 1 numer- 
ous amycelial colonies were found. One mutant (an irreparable mutant 
from culture j) was omitted from figure 1 because, although all of its com- 
binations yielded amycelial colonies, the number of these colonies was in 
most cases extremely small, and it was felt that the status of the mutant 
was somewhat equivocal. A sharp all-or-none criterion of homology was 
applicable to every combination of the remaining 57 mutants. It can be 
seen from the distribution of those tests which showed no amycelial colonies 
that five sets of identities are revealed, comprising two groups of 15 each and 
three groups of two each. The 36 mutants in these five groups may have 
been derived from only five mutations. Alternatively, some or ali of them 
may represent unusually mutable loci. For the purpose of the experiment 
each group is counted as a single mutant, and these five, together with the 
21 mutants which showed no homology, make a total of 26 non-allelic mu- 
tants. If the basic assumption of a predominantly unitary nature of these 
spontaneous mutations is to be valid, it is important that cases of non-dis- 
junction or any type of chromosomal instability leading to multiple gene 
losses be detected and excluded from the experiment. There are not 
enough mutants in the series to insure the detection of small or medium- 
sized deficiencies as inclusive complexes. Here we rely on the established 
rarity of such deficiencies as spontaneous events. Spontaneous loss of a 
whole chromosome may be sufficiently frequent to occur in the series. It is 
not yet certain whether losses of this magnitude would be viable, even in a 
heterokaryon with normal nuclei. Assuming that they are viable in a 
heterokaryon, it is unlikely that they would have escaped detection as in- 
clusive complexes if they account for a significant number of the mutants. 

The 26 non-allelic mutants occurred among a total of 2764 isolates, an 
incidence unquestionably much higher than the incidence of spontaneous 
biochemical mutants. Biochemical mutants are identical, as a class, with 
reparable heterokaryon mutants. Therefore we expect only a small pro- 
portion of the heterokaryon mutants to be reparable. This expectation is 
confirmed by experiment. The frequency of reparable mutants was found 
by streaking conidia of each mutant stock on Neurospora complete medium. 
Elaborate precautions were taken to make this medium comparable to that 
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of Horowitz. In two cases (mutants | and 14) amycelial colonies appeared. 
Two out of the 26 are reparable, whereas the corresponding data for tem- 
perature mutants are 14 out of 26. The difference is highly significant, 
P < 0.001. 

Discussion.—-Evidently the relative frequency of mutations involving in- 
dispensable functions is higher for heterokaryon mutants than for tempera- 
ture mutants. This knowledge does not clarify the question of multifunc- 
tional genes. Quantitative relationships between the frequencies of multi- 
functional genes and of irreparable mutants can at present be founded only 
on completely artificial assumptions. When a mutation involves an in- 
dispensable function one does not know whether more than one function at 
the genic level has been lost, but the notion is certainly a gratuitous one. 

Of greater interest is the possibility that the disagreement can be ex- 
plained. First, it will be worth while to outline the reasons for believing 
that the heterokaryon method offers the more reliable approach to the 
true proportion of indispensable functions. The growth of heterokaryons, 
and the compatibility of their components, are influenced by many genetic 
and environmental factors. We know of no case, however, of a biochemical 
mutant which will not participate in a heterokaryon, provided that inde- 
pendently determined conditions for compatibility are present. Indeed, it 
would seem unreasonable that a mutant would accept a material provided 
in the medium, and yet not accept the equivalent material provided through 
the action of complementary nuclei. Heterokaryon mutants arise within 
a pre-existing heterokaryon, where the components are already known to 
be compatible. It is therefore reasonable to believe that there is little or 
no restriction on the variety of reparable mutants which are accessible by 
the heterokaryon method. It is a conservative assumption, then, that the 
two methods detect the reparable mutants with equal relative efficiencies; 
so the very fact that the heterokaryon method yields relatively more 
irreparable mutants implies that this method gives a more nearly correct 
result. We arrive at the surprising conclusion that there must be a class 
of irreparable mutants undetectable by the temperature method. In 
other words, the potentiality of mutating to a temperature allele is relatively 
less frequent among genes having indispensable functions than among those 
having dispensable functions. 

Two investigations into the causes of temperature-sensitive phenotypes 
offer a key to this anomaly. Maas and Davis* have found that a mutant of 
Escherichia coli, requiring pantothenate above 30°C., possesses an enzyme 
(coupling 6-alanine with pantoic acid) which is rapidly and irreversibly in- 
activated in the unfavorable temperature range where the corresponding 
enzyme of the wild type is stable. Horowitz and Fling’ have shown that 
the thermostability of tyrosinase in Neurospora crassa is governed by a pair 
of alleles, and have found evidence that the difference in thermostability is 
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caused by a structural difference between the enzymes. If we were to risk 
generalizing oa these cases, we would surmise that many temperature 
alleles are characterized by the production of abnormally thermolabile pro- 
teins. Temperature alleles of this type would necessarily be restricted to 
loci at which the normal gene product is of sufficient complexity, and other- 
wise so constituted, as to permit the existence of differentially thermolabile 
structural analogues. Heterokaryon mutants are subject to no such re- 
striction. Among biochemical mutants the necessary condition for such 
temperature alleles may be general, for it is only a moderate extrapolation 
on present knowledge to suppose that all the dispensable functions are 
performed by enzymes. Indeed, Horowitz and Leupold‘ have presented 
evidence of the random occurrence of temperature alleles among biochemi- 
‘al mutants. Perhaps the temperature mutant data more nearly represent 
the ratio of the dispensable to the indispensable among enzyme controlled 
reactions than among gene functions. 

This explanation implies a broad subdivision of the genome into two cate- 
gories. First, there is a class of genes whose functions may be surmised in a 
general way from studies on biochemical mutants. Each member of this 
class determines the structure of a product, such as an enzyme, which is 
structurally capable of existing as a thermolabile analogue, and is rather 
likely to be dispensable. An enzyme, for example, is dispensable if it 
catalyzes some step in the synthesis of a low molecular weight compound 
which can be supplied to the mutant. Second, there is a larger class of 
genes which perform entirely unknown functions. If these functions are 
synthetic, then the hypothetical products formed under control of these 
genes are structurally incapable of existing as thermolabile analogues and 
are seldom, if ever, dispensable. These meager clues are of little help in 
characterizing the indispensable functions explicitly, but they are enough 
to make it clear that these genes are, in a sense, a natural class. As Horo- 
witz and Leupold‘ have assiduously pointed out, reparable and irreparable 
temperature mutants are fortuitous classes, being determined by the avail- 
ability of factors in the medium rather than by a fundamental difference 
in the genes. The genes which are inaccessible to the temperature method, 
on the other hand, share in common this rather fundamental property of 
being unable to mutate to temperature alleles. 

The problem of why this property should be so closely correlated with 
indispensability is likely to remain unsolved until the functions are charac- 
terized. It would be fruitless now, if not impossible, to exhaustively list 
the possibilities, but there is one which is of sufficient interest to warrant 
discussion; namely, the possibility of gene-controlled complex inter- 
mediates in protein synthesis. A most attractive feature of the one gene- 
one enzyme hypothesis is its agreement with the experimental fact that a 
large number of biosynthetic reactions appear, when studied genetically, to 
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be mutually independent. This result would be expected if, as has been 
suggested,‘ each enzyme which uniquely catalyzes such a biosynthetic re- 
action were totally synthesized from its simple residues under control of a 
single gene. However, if specific complex intermediates are shared in 
common by a fair number of different enzymes or other large molecules, the 
same result would be produced. A mutation affecting a single complex 
intermediate would affect the synthesis of a number of different enzymes, 
and therefore almost invariably lead to loss of an indispensable function. 
The detectable mutations would be confined practically to genes controlling 
the final assembly of the complex fragments into macromolecules. The 
experimental evidence of genetic independence of biosynthetic reactions, 
then, suggests only that there are many examples of a one gene-one enzyme 
relationship at this final level, but does not imply that the total synthesis 
of an enzyme involves but a single gene. It may equally well reflect the 
near impossibility of compensating for the loss or the alteration of a com- 
plex intermediate. Because of its size, its specificity, and its ephemeral 
existence in the organism, such an intermediate would be extremely dif- 
ficult to obtain, or to effectively supply to a mutant. At the same time, its 
structure would be such as to preclude its existence in two differentially 
thermolabile forms. Polypeptides of intermediate size have precisely the 
properties required of the hypothetical gene products. Thus, it is not im- 
plausible to assume that many genes indirectly participate in the synthesis 
of a protein, although only one gene can be inferred from the usual genetic 
evidence. 

The one gene-one enzyme hypothesis has seemed to perish under the 
weight of exceptions, and our findings will inevitably be interpreted as one 
of these. It should be understood, however, that the core of the hypothesis 
is the coincidence of gene and product; not the contention that the product 
must always be an enzyme. Whereas the various lines of evidence which 
have been discussed here favor the conclusion that in the great majority of 
cases enzyme production is not the immediate function of the gene, it must 
be noted carefully that the data cannot in any sense be interpreted as 
evidence against a basically unitary hypothesis of gene action. This con- 
cept, so appealing in its simplicity, is still tenable. It will remain so unless 
it is proved that the exceptions are not secondary consequences of changes 
in single products. Heuristically, we are justified in generalizing the 
one gene-one enzyme hypothesis into a one gene-one action hypothesis, 
where the action, in most cases, awaits description. 

Summary.—-The proportion of Neurospora m ‘tants which have lost in- 
dispensable functions is higher among mutants obtained by the hetero- 
karyon method than among those obtained as temperature alleles. This 
finding is explained by postulating a class of genes which are, because of the 
nature of their actions or gene products, exempt from mutating to tempera- 
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ig This hypothesis seems not to be contradicted by position pseudoalleles 
with morphological effects in Drosophila, and indeed has led to the dis- 
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ture alleles. Practically all members cf this class have indispensable func- 
tions. These genes may have no role in enzyme synthesis, or they may be 
remotely involved, through controlling the formation of complex inter- 
mediates. A majority of the genes in JV. crassa are in this class. 







* Work performed under contract No. W-7405-eng-26 for the Atomic Energy Com- 
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It has been proposed!? that the phenotypic similarities and position 

effects of pseudoalleles may be explained by the hypothesis that such loci 
are concerned with successive steps in a chain of reactions which occurs at 
the site of the genes in the chromosomes: 
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Localization could be the result of limited amount or diffusibility of 





the intermediate A. The sequence of reactions would then proceed to 
} completion only if the wild alleles of the adjacent loci are on the same 
chromosome, but not if they are on the different members of a pair of homo- 










covery of pseudoallelism among certain classes of biochemical mutants in 
It is a particular form of the “kinetic’’ hypothesis of 
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position effect, a hypothesis which attributes position effects to the inter- 
actions of products of neighboring genes.°~? 

Previous immunogenetic studies of Drosophila have been successful in 
demonstrating the interaction of non-allelic loci in the determination of 
antigenic specificity.*~'° Such methods therefore seemed a_ promising 
approach to the problems of position pseudoallelism. 

Stocks.—-The lozenge mutants in Drosophila melanogaster have been 
demonstrated to occur at three closely linked ioci on chromosome | :'! 


sn 6.7 1z®50.09 120.06 1z* 5.3 Vv 


The major effects of these mutants are on the eye, and they exhibit the 
phenotypic characteristics of pseudoalleles including position effects. 
There are also pleiotropic effects on female fertility, taral claws, pulvilli, 
and antennae.'?~'* 

The three lozenge mutants (BS, 46, and g) were made available to this 
investigation in stocks provided by M. M. Green. ‘These stocks possessed 
X-chromosomes with one, two, or all three of the mutants together with 
sn’ and v, balanced over CIB; sn*1z* v/CIB. For purposes of antigenic 
comparison it was necessary that the mutants be placed on a coisogenic 
background. The background chosen was that of the isogenic Oregon R 
(Series I) stock developed by Jack Schultz. At the time of this derivation, 
the Oregon R stock had been maintained through sixty-five generations of 
brother-sister matings since the time that it had been rendered isogenic. 

The derivation was accomplished in two steps, the details of which are 
available from the authors upon request and will be published elsewhere.'® 
First, the lozenge segment of each of the X-chromosomes mentioned above 
was inserted into the Y-chromosome of the Oregon R stock. In each case 
this was achieved by two successive crossovers between the lz X-chromo- 
some and the Oregon R X-chromosome, one in the region between sn and Iz, 
and one in the region between Iz and v. When this step was completed, 
Oregon R autosomes and }¥-chromosome were introduced into each of the 
lozenge stocks by means of the familiar ‘dominant marker-crossover 
inhibitor’ technique. 

The result of this derivation was, then, a series of eight coisogenic stocks; 
the Oregon R wild stock, the three single mutant stocks (BS, 46, and g), 
the three double mutants (BS 46, BS g, and 46 g), and the triple mutant 
(BS 46 g). Each of the mutant stocks was carried in balanced condition: 
Iz*/CIB x Iz*. From these, equal numbers of Iz*/Iz* 9 9 and Iz* @o 
could be collected as desired. Heterozygous females were produced, as 
needed, by crosses between the stocks. 

The following qualifications of coisogenicity should be mentioned: 
(1) Aside from the differences with respect to the lozenge loci, the X- 
chromosomes of the stocks may differ with respect to a segment no more 
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than 6.7 crossover units long to the left and 5.3 units long to the right of the 
lozenges. (2) Heterogeneity of autosomes (2 and 3) may have resulted 
from crossing-over between Oregon R chromosomes and ‘‘marker’’ chromo- 
somes during the derivation, in spite of the multiple inversions present in 
the latter. (3) The fourth chromosome was not controlled during the 
derivation. Repeated outcross to Oregon R renders it probable, however, 
that the mutant stocks possess Oregon R fourth chromosomes. (4) 
Spontaneous mutation, without visible effect, could not be controlled 
during or after the derivation. 

Immunological Methods.—-Flies of desired genotypes were collected from 
mass cultures, lyophilized, and homogenized in saline. Whole homoge- 
nates were used for immunization of rabbits by means of intraperitoneal in- 
jection. The homogenates were centrifuged and the supernates used as 
antigen for absorption of antisera and in precipitin tests of unabsorbed and 
absorbed antisera. The details of these methods are given in previous 
publications.*~'" In previous work, the supernates were ether-extracted 

TABLE 1 
Anatysis or Anti-lz™ Serum 
Antiserum, normal serum, and antigen controls all negative 


TESTED WITH 


ABSORBED BY Ore-R 1z8s In 12 
++4 t+4 t+4 +++ 
Ore-R aoe + + 
1288 
Iz 
12* + + 


before use as antigen to avoid non-specific clouding. In this work, ether 
extraction was not performed and non-specific clouding was avoided by the 
use of supernates at dilutions above 1:4. Antigen, antiserum, and normal 
serum controls were included in all tests. 

Only qualitative summaries of the results are given in this paper. The 
full results, which are semiquantitative in nature, are similar to those pre- 
sented in previous publications.*~'’ They will be supplied by the authors 
upon request. 

Results and Conclustons.—It is convenient to begin the discussion with 
the results obtained with anti-Iz®° serum (antiserum to 1z®°/1z®° 9 9 and 
Iz®°/Y of in approximately equal numbers). These results are sum- 
marized in table 1. 

Unabsorbed anti-lz" 
does so with equal titer. Most of the antigens present in the stocks are 
therefore similar. Following absorption with Oregon R antigens (pre- 
pared from approximately equal numbers of males and females), differences 


Ss . . , . 
serum reacts with all antigenic preparations, and 


among the stocks begin toappear. The serum no longer reacts with 
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Oregon R, but still reacts with the antigenic preparations of Iz®* (1z®5/1z8° 


22 and Iz®°/Y #o in approximately equal numbers), Iz** (1z*/Iz* 
? 9 and Iz*/Y oo), and Iz® (Iz*/Iz* 9 9 and 1z*/Y oo"). It appears, } 
therefore, that 1z®° contains one or more antigenic components which are 
not present in Oregon R, but which are shared at least in part with Iz* 
and Iz*, On the basis of strength of reaction, 1z** appears to be more 
closely related to 1z®° than is 1z*. 
The specificity of the serum is made evident by its exhaustion by ab- 
sorption with Iz®°. Absorption with 1z“* yields similar results, indicating if 
that Iz®° possesses no antigenic components not also possessed by 1z**. 
Following absorption with 1z*, the serum no longer reacts with Oregon R 
or Iz® but still reacts with 1z®° and 1Iz‘®. Thus, 1z® does not possess all of 
the antigenic components which distinguish 1z"° and 1z** from Oregon R. 
These conclusions are confirmed by the results of the analysis of anti-lz** 
serum (table 2). Again, unabsorbed serum reacts, with equal titer, with 
all of the antigenic preparations. Absorption by Oregon R eliminates 




















TABLE 2 


ANALYSIS OF ANTI-1z“ SERUM 






Antiserum, normal serum, and antigen controls all negative 






- TESTED WITH 















ABSORBED BY Ore-R 1zB8 Iz Ize f 
ii ++4 +++ +++ +44 | | 
Ore-R + + +4 4 | 
1288 } 
Iz F 
1z* } = j 











reactivity with Oregon R but does not completely remove antibodies 
capable of reacting with Iz®°, Iz**, and Iz*. It therefore appears that 1z‘* 
possesses One or more antigenic components not possessed by Oregon R, 
and that at least part of these are also present in Iz®* and Iz*. Again, a 
closer relationship between 1z** and 1z®° than between 1z“® and 1z* is sug- 
gested by the differences in strength of reaction. 

The serum is completely exhausted by 1z** and is therefore specific. It 
is also exhausted by absorption with Iz®°. This result, together with that 
obtained by absorption of anti-Iz"° serum with Iz“, argues for the anti- 
genic identity of Iz®° and 1Iz**. The results obtained with 1z* absorbed 
serum confirm the conclusion that Iz* does not possess all of the antigenic 













. +e . BS — , rary ° P 
components which distinguish 1z”” and Iz“ from Oregon R. The distri- i 
bution of antigenic components indicated by the analysis of 1z‘® antiserum iH) 
° ° ° 3S ° j 
is the same as that indicated by 1Iz"* antiserum. iy 





Additional confirmation of this distribution of antigens 1s obtained from 
the analysis of anti-lz* serum (table 3). Unabsorbed serum reacts with all 
Absorption by Oregon R yields results 







of the antigenic preparations. 
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which indicate that Iz* possesses one or more antigenic components not 
present in Oregon R, and that these are also present, at least in part, in 
Iz®° and Iz‘®. Absorption by Iz* demonstrates that the serum is specific. 
Absorption by 1z®° and by Iz** yields results which demonstrate that 1z* 
possesses no antigenic components not also possessed by the other mutants. 

The simplest explanation of the results of these analyses is that 1z** 
and 1z** possess two antigens not present in Oregon R, and that Iz* possesses 
only one of the two. For purposes of convenience the antigen present in 
all three lozenge mutants will be referred to as L-1. The antigen present 
in Iz*° and Iz* will be called L-2. 

The single mutants thus possess antigenic components which distinguish 
them from wild. Does the wild genotype possess antigens distinguishing it 
from the mutants? To date, the answer is negative. Three Anti-Oregon 
R sera have been tested, and in each case the mutant antigens were all 
capable of completely exhausting the serum by absorption. 















TABLE 3 






ANALYSIS OF ANTI-lz* SERUM 





Antiserum, normal serum, and antigen controls all negative 
TESTED WITH 

Ore-R 1zB8 Iz‘ Ize 
+++ +4 + 
Ore-R + t t 
1288 

Iz 
4 








ABSURBED BY 



















Iz 






A test for position effect on antigens is nevertheless possible. Such a 
position effect, if parallel to that exerted on the eyes, would be evidenced 
by the presence of L-1, or L-2, or both in repulsion-phase heterozygotes, 
but their absence in coupling-phase heterozygotes. Alternatively, a posi- 
tion effect would be evidenced by an antigenic difference between con- 

trasting heterozygotes even if neither resembled wild or the mutants. 
Such a test has been performed for the heterozygotes involving 1z°° and 
Iz*®, Repulsion-phase heterozygous females (BS ++/+ 46 +) were 
produced by matings of Iz®° males with Iz*/C1B females. Coupling-phase 
heterozygous females (BS 46 +/+-++) were produced by matings of 
Iz®"Iz** males with Oregon RK females. Reciprocal crosses were not per- 
¢ formed, but there is no evidence that a maternal effect is associated with 













ti the lozenges, either with respect to their various phenotypic effects or with 
respect to the position effect on eyes. 
rt The results of the analysis of anti-BS ++/+ 46 + serum are contained 






in Table 4. Tests were performed only with Iz"° among the mutants, 





since it possesses both L-i and L-2. 
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The unabsorbed serum reacts with all of the antigenic pre; arations. 
Absorption with Oregon R removes reactivity with Oregon R and 1Iz®*, but 
antibodies remain which react with BS ++/+ 46 + and BS 46 +/+++4. 
Thus, BS ++/+ 46 + possesses one or more antigenic components not 
present in Oregon R, and none of these can be L-1 or L-2 since the ab- 


TABLE 4 


38 . 
ANALysis oF AntI-Iz"*/Iz SeRUM 
Antiserum, normal serum, and antigen controls all normal 


TESTED WITH —. 
BS + + BS 46 + 


ABSORBED BY Ore-R 1zBs + 46 + ++ 4 
+++ b++ +++ +++ 
Ore-R cu 4 
iz” ++ ++ 
BS + + 
+ 46 + 
BS 46 + 
- + + 


. BS op ; 
sorbed serum does not react with Iz". Furthermore, the coupliny-phase 


heterozygote shares at least part of this specific fraction. These same 
conclusions are supported by the absorption with 1z®*, and it is also evident 
that Oregon R shares no antigens with BS ++/+ 46 + that are not also 
present in Iz®°. Absorption with BS ++/+ 46 + completely exhausts 


the serum, as does absorption with BS 46 +/+++. The serum is there- 
fore specific, and the repulsion-phase heterozygote possesses no antigens 
not also present in BS 46 +/+++. 
TABLE 5 
ANALYsIS OF ANTI-Iz*Iz/+ SERUM 
Antiserum, normal serum, and antigen controls all negative 


TESTED WITH 
BS + + BS 46 + 


ABSORBED BY Ore-R + 46 + de oe ob 
++4 + ++ +++ +++ 
Ore-R + + + + 
Iz" ++ ++ 
BS + +4 
+ 46 4 
BS 46 4 
++-4 


These conclusions are supported by the analysis of BS 46 +/+-+ + anti- 
serum (table 5). In these tests only 1z‘* among the mutants was used. 
It will be recalled that it, like 1z®°, possesses both L-1 and L-2. 

The results of the absorptions with Oregon R and Iz** permit the con- 
clusion that the coupling-phase heterozygote possesses an antigenic frac- 
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tion not present in either Oregon R or Iz**, and shared, at least in part, 
with the repulsion heterozygote. The absorption with BS ++/+ 46 +, 
in that it results in complete inactivation, leads to the conclusion that 
BS 46 +/+++ possesses no components not also present in BS ++/+ 
46 +. Since the reverse was demonstrated in the previous analysis of 
anti-BS 46 +/+-+-+ serum, it may be concluded that the two heterozygotes 
possess qualitatively identical antigenic structures. 

Thus, it appears that the two heterozygotes are indistinguishable with re- 
gard to antigenic structure. There is no position effect. However, they 
both possess a new component, L-3, not found in any of the other geno- 
types, and both lack L-1 and L-2. 

L-3 could be attributed either to heterozygosity itself or to the fact that 
the BS ++/+ 46 + and BS 46 +/+++ antigenic preparations con- 
tain only females. It will be recalled that all of the other preparations con- 
tain both males and females. The latter interpretation is rendered un- 
likely by the inability of the other antigens to exhaust the anti-heterozygote 


TABLE 6 


SUMMARY OF ANTIGENIC DISTRIBUTION 


ANTIGENIC COMPONENTS 
GENOTYPE ’ L-2 L-3 Residual 
Wild + 
1z®* , F 
Iz46 
1z* 
1288 1 
BS 
Iz "1 


Z i] 


ze] + 
sera even at the highest concentrations used, but has been subjected to in- 
dependent tests. 

In these tests, anti-BS 46 +/++-+ serum was absorbed separately 
with Iz*® males and with Iz**/1z** females. In neither case was the serum 
exhausted of its reactivity with BS 46 +/+++ and BS ++/+ 46 +. 
Thus L-3 is not a ‘‘female-specific’’ component, but rather a component 
specific to the heterozygotes. 

The antigenic relationships of the analyzed stocks are summarized in 
table 6. 

Discussion._-Pseudoallelic mutants are mutants which exhibit the 


phenotypic characteristics of allelism (similar or identical phenotypes in 


homozygotes and interaction in heterozygotes), but which exhibit a low 
order of recombination in breeding experiments.’ '* The usual interpreta- 
tion given to such observations is that such mutants occupy adjacent, 
duplicate loci on homologous chromosomes. An alternative interpreta 
tion suggests that such mutants are minute rearrangements in a chromo 
some segment not separable into discreet loci.'* Such an interpretation is 
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vitiated in part by the small number of loci identified in pseudoallelic series 
(cattle blood-antigens” are not a case in point, primarily because of the 
lack of critical breeding data), but more significantly by its use of pheno- 
typic and physiological observations as a basis for conclusions regarding 
transmission phenomena. The practice of operationalism, as defined by 
Bridgman”! and used by Wright,** reconciles the apparent contradictions 
between the physiological and transmission aspects of pseudoallelism. 

It has been suggested, both on cytological and physiological grounds, 
that new genetic material may arise by a process of genic replication along 
the chromosome, accompanied or followed by complementary differentia- 
tion, and resulting in distinct genes separable by crossing-over and chromo- 
some breakage.’ ** Pseudoalleles presumably represent an intermediate 
stage in this process. The present work lends support to such a concept, 
since in terms of antigenic effect the locus of 1z* appears to be differentiated 
partially from that of Iz®° and 1z‘*. Similar differentiation has been ob- 
served for the effects of these loci on claw development.'* 

The physiological differentiation of pseudoalleles could take three forms: 
(1) With slight changes in substrate specificity pseudoallelic loci could be- 
come associated with successive steps in a sequence of reactions, (2) they 
could be modified in such a manner as to convert the same substrate into 
different products, or (3) each locus could be concerned with the transforma- 
tion of two or more substrates, and differentiation could take the form of a 
gradual shift in ‘‘substrate spectrum.” The first possibility is incorporated 
in the hypothesis of position pseudoallelism proposed by Lewis and by 
Pontecorvo. The second and third possibilities are similar to models pro- 
posed by Wright for allelic differences.*4 With suitable assumptions re- 
garding amorphism or neomorphism of the mutants, any of these three 
models can explain the aspects of the present data concerned with homozy- 
gotes. Antigenic analysis of the unexamined genotypes should provide 
definite information. 

The most striking feature of the present work is concerned with the 
heterozygotes, i.e., with the absence of a position effect and the appearance 
of a distinctive antigenic component. The latter phenomenon implies 
some sort of interallelic interaction, imposed upon the mechanisms of 
interlocus interaction suggested in the preceding paragraph. The inter- 
action could involve 1z®° and its wild allele, or 1z“* and its wild allele, or 
both, and analysis of other genotypes should clarify the situation. What- 
ever alternative is correct, the distinctive component provides another 
example of genic interaction in antigen production, and implies an inter- 
chromosomal mechanism in contradistinction to the intrachromosomal 
sequence of reactions proposed in the Lewis-Pontecorvo hypothesis. 

As for the disparity between the position effect on eyes, a similar posi- 
tion effect on claws,'® and the lack of position effect on antigens, it is only 
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possible to make two suggestions: (a) The disparity may inv: lve “genuine” 
pleiotropy, or (b) the effects on eyes and claws may involve gene action at a 
different level than the antigenic effects. 


* Supported by a research grant from the National Institutes of Health, U. S. Public 
Health Service. A contribution from the Institute of Genetics, Ohio State University. 
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A RELATIONSHIP OF HOMOCYSTEINE METABOLISM TO 
THIAMIN, SERINE, AND ADENINE BIOSYNTHESIS IN A 
MUTANT STRAIN OF NEUROSPORA* 

By C. O. DoUDNEY AND R. P. WAGNER 
GENETICS LABORATORY, DEPARTMENT OF ZOOLOGY, THE UNIVERSITY OF TEXAS 


Communicated by J. T. Patterson, August 25, 1953 


A growth inhibition of a strain of Neurospora crassa (UT77a) by L- 
threonine has been described in a previous communication.' Growth of 
UT77a on minimal medium at 35°C. is equivalent to that of wild type 
strains, but in the presence of inhibitory concentrations of threonine the 
amino acids methionine, homocysteine, or homoserine must be included 
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in the medium in order for wild type growth to be attained. The con- 
centration of homocysteine required to reverse inhibition shows a competi- 
tive relationship with the concentration of threonine present in the me- 
dium. The relationship between methionine and threonine, however, is 
non-competitive, the minimal concentration of methionine effective in the 
reversal of inhibition by lower concentrations of threonine being equally 
effective over a wide range of threonine concentration. In addition, 
threonine inhibition is reversed non-competitively by the p-aminobenzoic 
acid antagonist, sulfanilamide. 

These facts indicated that threonine exerts inhibition of growth in the 
case of UT77a by interfering in some manner with the utilization of homo- 
cysteine in the production of methionine. As one possibility, a reaction 
was suggested between threonine or a product of its metabolism and a 
precursor of methionine which involves a coenzyme including a p-amino- 
benzoic acid moiety. It was further suggested that this reaction is capable 
of proceeding at an excessive rate in the case of the mutant strain, and 
that with a high concentration of threonine in the medium, the methionine 
precursor is shunted almost exclusively into this reaction, thus depriving 
the mold of an adequate supply of methionine. 

Further evidence suggesting an interaction between threonine and 
homocysteine was found in the fact that choline, a compound considered 
to be a source of methyl groups for the conversion of homocysteine to 
methionine, partially relieves threonine inhibition presumably by increas- 
ing the rate of synthesis of methionine in competition with the proposed 
reaction. Choline alone, however, is inhibitory to UT77a, the level of 
growth obtained in 60 hours being slightly more than that obtained when 
both threonine and choline are present in the medium (Fig. 1). The 
growth factor, thiamin, effectively reverses choline inhibition. ! 

This report describes experiments which relate to the observed thiamin 


requirement of the strain. It is demonstrated that the requirement is 
more specifically one for the thiazole moiety of thiamin and is directly re- 
lated to the action of threonine and choline in interfering with the metabo- 
lism of homocysteine. Furthermore, it is demonstrated that increased 
threonine concentrations produce additional requirements by the strain 


for adenine and serine. 

Methods. Growth response studies of strain UT77a have been carried 
out as previously described.' The medium which has been developed for 
growth studies with Neurospora was employed.’ The pH of this medium 
was adjusted with hydrochloric acid to 4.8. The response of the strain on 
minimal medium at this pH is adequate and threonine inhibition is marked. ! 
The mold was grown for 60 hours at 35°C. in 25 ml. of medium in 125-ml. 
flasks. The dry weights of the pads are reported in mg. 

The biochemicals used were obtained from reliable commercial sources 
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and tested for possible contaminating compounds. Heat-labile or volatile 
compounds were sterilized in solution by passing through an ultra-fine 
sintered glass filter and adding to the autoclaved medium. The stable 
compound, DL-homocysteine-thiolactone HCl (prepared by the method of 
Rose and Rice*) was used routinely as a source of homocysteine for the 
mold.‘ However, results obtained with this compound have been verified 
in each case with pL-homocysteine supplied as its free base. Results using 
the purer racemic mixture of amino acids (except for L-threonine) are re- 
ported. These studies have been repeated using the natural isomers with 
equivalent results. The thiazole moiety of thiamin (4-methyl-5-(6-hy- 
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FIGURE I 





The effect of thiazole and choline on threonine inhibition. Concentrations: 
thiazole, 1 ug./100 ml.; choline, 1 &* 10°74 MZ 


droxyethyl)-thiazole) is referred to in this paper as ‘‘thiazole.’’ This com- 
pound, as well as the pyrimidine moiety of thiamin (2-methyl-5-hydroxy- 
methyl-6-amino-pyrimidine), was kindly supplied by Merck Laboratories, 
Rahway, N. J. 

The effect of threonine, homocysteine-thiolactone, and choline on the 
accumulation of the thiazole moiety of thiamin in growing mycelia was de- 
termined as follows: Mycelial pads were grown for 84 hours in 25 ml. of 
medium at 35°C. At the 36th hour of growth sterile solutions of the fol- 
lowing compounds were added to various flasks as indicated in table 2 to 
give the following concentrations: pi-threonine, | X 10~* molar; choline, 
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5 & 10°* molar; pL-homocysteine-thiolactone, 2.5 X 10°* molar. It 
should be noted in this respect that these compounds when added after 36 
hours of growth affect the growth rate of the mold only slightly (less than 
+10°%). Thus differential growth rates are not considered a significant 
factor here. Growth of UT77a in 84 hours under these conditions was 
about 90 mg. Growth in 36 hours on minimal was 16 mg. 

The mycelial pads were then washed free of medium on a Biichner fun- 
nel, seven pads from identical media combined into a homogenous mass, 
and frozen. A mycelial mass equivalent to 100 mg. dry weight as deter- 
mined by the ratio of wet to dry weight of another portion of the pad was 
ground in a mortar with powdered glass, suspended in 10 ml. of 0.5% acetate 
buffer solution (pH 4.8) containing 50 mg. per cent of papain and taka- 
diastase, and incubated at 35°C. for 20 hours under toluene. The sus- 


TABLE 1 
REVERSAL OF CHOLINE INHIBITION OF UT77a 


Mycelial dry weight after 60 hours’ growth 


MG, DRY 
COMPOUND ADDED CONCENTRATION WEIGHT 


Nothing added ; 42 
Choline 1073 M 26 
Choline plus: 
Thiamin 0.2 wg./ml. 45 
Thiazole 0 ./ml. 49 
Pyrimidine 0 
pL-Homocysteine-thiolactone 10 
pL-Homocysteine 1078 7 43 
pL-Homocystine 10-4 M 32 
pL-Methionine 10-4*M 44 
Sulfanilamide 7.6X104°*M 39 


pension was then steamed for 10 minutes, centrifuged when cool, and the 
volume adjusted to 15 ml, with distilled water. 

Thiazole was assayed with a thiazole requiring strain of Neurospora 
crassa,® S558A.° The response of this strain to thiazole in the presence of 
excess thiamin pyrimidine is equivalent to its response to thiazole incor- 
porated into the thiamin molecule; thus the assay is specifically for the 
thiazole group both combined in thiamin and free. Extensive tests in- 
dicate that the response of this strain to thiazole is not appreciably affected 


by the presence of threonine, choline, or homocysteine-thiolactone in the 
assay medium. Minimal medium at pH 4.8 and containing 2 yg. per 100 
ml. of the thiamin pyrimidine was used. Growth of this strain in 25 ml. 
of medium in 80 hours at 25°C. upon addition of 0.5 ml. and 1 ml. of the 
above-described samples was compared to a growth response curve of the 
strain obtained by adding thiazole in quantities of 0.01 to 0.1 wg. per flask. 
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Results are reported in terms of thiazole per 100 mg. dry weight of myce- 
lium. 

Results.—There is evidence that the thiazole and pyrimidine moieties of 
thiamin are actually precursors to the biosynthesis of that growth factor.’ 
That these compounds are precursors to thiamin for Neurospora is in- 
dicated by a study of several thiamin requiring strains.* Table 1 shows 
that the thiazole group of thiamin is effective in the place of thiamin in re- 
versing choline inhibition of UT77a while the pyrimidine group is com- 
pletely ineffective. In addition, either homocysteine (or its thiolactone) 
or methionine reverses choline inhibition. Sulfanilamide reverses choline 
inhibition non-competitively at the same level shown to be effective in the 
reversal of threonine inhibition.'!. Thus the basis for choline inhibition of 
UT77a appears to be directly related to that of threonine inhibition. 


TABLE 2 
THE ACCUMULATION OF THIAZOLE BY MYCELIUM OF UT77a GROWN IN THE PRESENCE 
OF VARIOUS COMPOUNDS 
MICROGRAMS 
THIAZOLE PER 
100 mG 
DRY WEIGHT UNEXPOSED 
COMPOUND® MYCELIUM MYCELIUM, “; 
1. Unexposed 1.80 (100) 
2. Threonine 0.45 25 
3. Choline 05 58 
4. HCTL? 25 120 
5. Threonine + Choline 60 33 
6. Threonine + HCTL 65 92 
7. Choline + HCTL 2.05 114 
8. Threonine + Choline + HCTL 1.35 78 


“ Concentrations are given in the section on methods. 
®’ Homocysteine-thiolactone. 


Thiazole by itself is ineffective in reversing threonine inhibition of UT77a, 
but when combined with the maximally inhibitory concentration of choline 
(1 X 10-8 molar) the threonine inhibition is completely reversed (Fig. 1). 
Thiamin, but not its pyrimidine group, may be substituted for thiazole. 

It seemed probable that the above-observed growth requirement of 
UT77a for thiazole in the presence of threonine and choline is due to an in- 
terference of these compounds in the biosynthesis of that moiety by inter- 
fering with the metabolism of homocysteine. To test this hypothesis, bio- 
assays to determine the amount of thiazole present in mycelium exposed to 
high concentrations of these compounds during the maximum growth 
phase of the mold (36-84 hours) were executed (see Methods). From table 
2 it is clear that exposure of UT77a to choline or threonine during its maxi- 
mum growth phase decreases markedly the accumulation of thiazole below 
that accumulated by untreated mycelium. Homocysteine-thiolactone is 
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shown to antagonize this decrease in both cases. Alone homocysteine- 
thiolactone may slightly increase the accumulation of thiazole. The my- 
celia of wild type strains showed no appreciable variation in thiazole con- 
tent when exposed to these compounds in a similar manner. 


TABLE 3 
THE ABILITY OF VARLOUS COMPOUNDS TO SUBSTITUTE FOR CHOLINE (TABLE 1, Fic. 1) 
IN GROWTH RESPONSES OF UT77a 
MG. DRY WEIGHT MYCELIUM, 60 HOURS 
0.5 7/25 ml 
THIAZOLE 


COMPOUND ADDED 10-3 M 1073 M 
(3 MG./25 ML.) MINIMAL L-THREONINE L-THREONINE 


0) +] 7 
Choline 28” 

Dimethyl-thetin 39 

Dimethylpropiothetin 40 

Betaine 39 

Sarcosine 

Glycine 

pDL-Serine 

Sodium Formate 


“ Inhibition reversed by thiazole. 


TABLE 4 
GROWTH REQUIREMENTS OF UT77a at 5 & 107% MoOvar L-THREONINE 


Growth in 60 hours. Concentrations: choline, 1 X 1073 M; purines, 200 ug./25 ml.; 
amino acids, 1 & 1074 M; thiazole, 1 ug./100 ml.; pL-homocysteine-thiolactone, 2.5 
x 10-3 M 

MG. DRY 
WEIGHT 
Growth on Minimal 42 
L-Threonine 8 
L-Threonine, Choline 14 
Threonine, Choline, Thiazole 16 
Threonine, Choline, Thiazole, Adenine 19 
.-Threonine, Choline, Thiazole, pL-Serine 16 
.-Threonine, Choline, Thiazole, Adenine, pL-Serine 46 
~Threonine, Choline, Thiazole, Adenine, Glycine 18 
Threonine, Choline, Thiazole, Guanine,* DL-Serine 14 
Threonine, Choline, Thiazole, 4-Amino-5-imadazole Carbox- 
amide, pL-Serine 17 
L-Threonine, Choline, Adenine, pL-Serine 14 
L-Threonine, pL-Homocysteine-thiolactone 48 
13. L-Threonine, pt-Methionine 


“ Xanthine and hypoxanthine were similarly inactive. 


Several compounds which have been shown to furnish methyl groups to 
homocysteine in the formation of methionine by various organisms were 
tested for their ability to substitute for choline in inhibition of UT77a and 
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in the reversal of threonine inhibition in the absence and presence of thia- 
zole (table 3). Of these compounds only sarcosine, glycine, and serine 
showed an effect on UT77a comparable to choline, i.e., some inhibition 
when added to minimal medium, and a reversing effect on threonine in- 
hibition of UT77a which is increased in the presence of thiazole. Be- 
taine, dimethyl-thetin, dimethylpropiothetin, and formate were inactive. 
Figure 2 indicates that higher concentrations of L-threonine than 10~* 
molar produce requirements for both adenine and serine by UT77a in 
addition to those for thiazole and choline in order for maximum growth to 
be attained in 60 hours. Either homocysteine-thiolactone or methionine 
can substitute for these four requirements (table 4). The purine require- 
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FIGURE 2 CHOLINE, THIAZOLE 


ow 
°o 


Growth requirements of 
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ment is specifically for adenine; guanine, xanthine, and hypoxanthine as 
well as the purine precursor, 4-amino-5-imidazole carboxamide, are not ef- 
fective in the place of adenine. Glycine cannot be substituted to satisfy 
the serine requirement. In the presence of thiazole, adenine, and serine 
the relationship of choline to threonine is non-competitive; the minimal 
concentration of choline effective for the reversal of threonine inhibition is 
effective over a wide range of threonine concentration. The minimal ef- 
fective concentrations of thiazole, adenine, and serine are also effective over 
a wide range of threonine concentration. 

Discusston.—These studies of strain UT77a suggest that an intermediate 
to the synthesis of methionine from homocysteine is required for the bio 
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synthesis of the thiazole moiety of thiamin and, in addition, the bio- 
synthesis of serine and adenine. Figure 3 summarizes this hypothesis. 
L-Threonine apparently inhibits the growth of UT77a by interfering com- 
petitively with the formation of this intermediate from homocysteine. 
Choline and certain other ‘‘methyl donors’’ apparently by-pass the threo- 
nine block to methionine synthesis by donating methyl groups to homo- 
cysteine; the rate of formation of methionine by this pathway would 
seem to be sufficient to meet the methionine requirement of the strain but 
insufficient to allow any significant formation from the methionine so 
formed of the intermediate (X) required for thiazole, serine, and adenine 
biosynthesis (Fig. 3). At the same time, presumably, these methyl 
donors further reduce the synthesis of the intermediate (X) by competing 
for available homocysteine; thus the thiazole requirement produced by 


| ETHYL (from choline, etc.) 


THREONINE | 


HOMOCYSTEINE ———4 —— Pe (A)S ————> METHIONINE 


‘\. 4-AMINO-5-IMIDAZOLE 
\caR BOXAMIDE 


THIAZOLE ADENINE 
GLYCINE ——»> SERINE 
FIGURE 3 


Possible metabolic interrelationships suggested by these growth response studies. 


these compounds when supplied alone probably is due to this competition 
in combination with the interference of endogeneously formed threonine 
with homocysteine metabolism in this strain. 

Evidence exists for the biosynthesis of methionine methyl groups from 
formate through formylated homocysteine intermediates.* * A possible 
function of homocysteine in the incorporation of formate into the serine 
and purine molecule has recently been indicated.* ''! ~The present study 
which suggests a requirement for a product of homocysteine metabolism 
in the biosynthesis of methionine, serine, and adenine thus supports these 
findings in so far as the involvement of homocysteine is indicated. That 
the threonine produced requirements of UT77a for serine and adenine may 
be due to a reduced ability to incorporate the formyl group into the re- 
spective precursors of these metabolites, glycine'’ and 4-amino-5-imidazole 
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carboxamide,'* '* is suggested by the inactivity of these compounds in the 
place of serine and adenine (table 4). 

Two possible roles for the participation of homocysteine in the forma- 
tion of the thiazole moiety of thiamin are apparent. One possibility is a 
function of homocysteine in the incorporation of a formyl group into the 
two-position of the thiazole ring in a manner comparable to its postulated 
role in the formation of serine and adenine. However, the fact that lower 
concentrations of L-threonine are effective in producing the thiazole re- 
quirement than in producing the adenine and serine requirements of 
UT77a could indicate a need for greater amounts of homocysteine in the 
formation of thiazole than in the formation of adenine and serine. One 
basis for this higher requirement could be the actual utilization of the 
homocysteine molecule in the formation of the thiazole moiety of thiamin 
as opposed to its function as a cofactor in adenine and serine biosynthesis. 
Evidence exists that the thiazole group of thiamin may be derived from an 
a-amino acid precursor, 6(4-methylthiazolyl-5) alanine.“~" A considera- 
tion of the molecular structure of this compound suggests the possible 
utilization of both the homocysteine molecule and the formyl group in its 
formation; thus, as one possibility, a biological condensation of a formy- 
lated homocysteine metabolite and some amine bearing two-carbon com- 
pound into the thiazole ring could provide the structure of this amino 
acid. 

Summary.—A threonine growth inhibition of a mutant strain of Neuro- 
spora crassa, UT77a, which is reversed competitively by homocysteine or 
non-competitively by methionine, can also be reversed at a concentration 
of 10~-* molar L-threonine by a combination of choline and the thiazole 
moiety of thiamin. At higher concentrations of threonine both adenine 
and serine are required in addition to thiazole and choline to reverse 
completely the inhibition. Choline, as well as certain other ‘methyl 
donors,”’ is somewhat inhibitory to the strain; this inhibition is reversed 
either by methionine, homocysteine, or the thiazole moiety of thiamin. 
Both threonine and choline are shown to reduce the accumulation of 
thiazole by the growing mold; homocysteine-thiolactone is shown to re- 
verse this reduction. In view of these facts it is suggested that threonine 
inhibits growth of UT77a by interrupting the biosynthesis of methionine, 
the thiazole moiety of thiamin, and at higher concentrations adenine and 
serine. ‘The basis of this interruption is considered to be a specific com- 
petitive interference of threonine in the formation of an intermediate to 
methionine synthesis from homocysteine. These interrelationships and 
the possible roles of homocysteine in the biosynthesis of serine, adenine, 
and the thiazole moiety of thiamin are discussed. 

* Aided by funds from the Office of Naval Research, United States Navy Department, 
administered by the University of Texas under contract Nonr 859(00). 
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INDUCED HOST-RANGE MUTATIONS IN BACTERIOPHAGE* 
By BERNAL FERNANDEZ,t FELIx L. Haas,t AND ORVILLE Wyss 
LABORATORIES OF GENETICS AND BACTERIOLOGY, UNIVERSITY OF TEXAS, AUSTIN 
Communicated by J. T. Patterson, August 3, 1953 


The extensive literature on the effect of mutagens on molds, yeast, and 
bacteria does not have its counterpart in bacterial viruses. Silvestri! has 
treated bacterial viruses with nitrogen mustard, adsorbed them on a sus- 
ceptible strain and then plated on an indicator strain in which only the host- 
range mutants formed plaques; this resulted in an increase in frequency 
of the mutants that paralleled the lethal action of the mustard. Latarjet? 
failed to increase the incidence of host range mutants by irradiation of the 
free phage particles but by irradiating bacteria infected with phages and 
plating before the burst he increased the incidence of host range mutants 
about tenfold. The question has been raised as to whether the procedures 
induced the mutations or merely selected for the mutants.* In addition 
to the two reports on increase in inherited properties of bacteriophages, 
what appears to be a non-heritable alteration stemming directly from pas- 
sage through a new host has been reported by Luria and Human‘ and Ber- 
tani and Weigle.’ It seemed to us that the growth of a phage stock in an 
organism partially inhibited by the antibiotic streptomycin might modify 
the incidence of host range mutants grown on such partially inhibited cells. 
Studies on streptomycin action have shown that streptomycin modifies, 
among other things, the nucleic acid metabolism of the cell and therefore 
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it might make for greater inexactitude in the replication of the virus. A 
number of papers have appeared on the action of antibiotics on burst size, 
adsorption, and latent period of bacteriophages but no report of an effect 
of mutation has come to our attention. 

Procedure.—Escherichia coli, strains R and § and the phage T2, were ob- 
tained from the stocks of Dr. A. D. Hershey. By plating F. coli R with 
excess phage, T2, the phage resistant strain was obtained. Testing this 
strain against the other phage stocks of the T series revealed that the strain 
could be described as EF. coli R/2, 3, 4, 6, 7, but since our experiments 
dealt mainly with T2 this strain will be designated as R/2. The strain was 
freed from contaminating virus by repeated plating. Streptomycin-re- 


TABLE 1 
INCIDENCE OF Host RANGE MUTANTS IN STOCKS GROWN IN VARIOUS STREPTOMYCIN 
CONCENTRATIONS 
MUTATION 
STREPTOMYCIN PHAGE TITER INCIDENCE 
EXPERIMENT uG./ML, x 108 MUTANT/ML PER 108 INCREASE 
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sistant mutants were obtained by heavy inoculation into streptomycin 
broth. 

Phage stocks were prepared by inoculating into 50 ml. of nutrient broth 
(peptone, 10 g.; beef extract, 3 g.; NaCl, 5g.; glucose, 1 g.; CaCh, 
0.01 g.; water, one liter) about 5 & 10° phage particles and 5 & 10° E. 
coli S. Where the antibiotic was used it was added to the broth in the 
desired concentration immediately before inoculation. After 12 hours in- 
cubation at 37°C. the lysates were centrifuged, filtered, and assayed for 
total phage by plating using the soft agar method and FE. coli S; the host 
range mutants, T2h, were estimated by similar plating using /. colt R/2 to 
determine how many phage particles would attack the resistant host. 





1054 GENETICS: FERNANDEZ, ET AL. Proc. N. A. S. 


Dilutions were made in broth suspensions of the bacteria and an adsorption 
period of 5 minutes was permitted between the addition of the phage dilu- 
tion to the bacterial suspension and the admixture to the soft agar. All 
dilutions were plated in quadruplicate and the plaques were counted after 
24 hours incubation at 37°C. 

Results.—A series of phage stocks were prepared using the drug-sensitive 
strain of /. colt S grown in several concentrations of streptomycin. When 
these were assayed for total phage it was observed that the phage titer de- 
creased with increasing streptomycin concentration but the proportion of 
host range mutants at the higher streptomycin concentrations increased 
consistently (table 1). To demonstrate this phenomenon it was necessary 
to add sufficient streptomycin to partially inhibit growth; if too much 
streptomycin were added (more than 4—6 ug. per ml.) insufficient virus was 
produced so that no mutants could be detected. In the last column in the 
table the incidence of mutants in the control population was designated as 
unity and the proportion of mutants appearing in a stock raised in the pres- 
ence of streptomycin was reported as a multiple of the control rate. In 
most experiments the mutation incidence was increased about 10 times in 
the presence of about 4 ug. of the drug per ml. Higher values were obtained 
at higher drug values if sufficient virus was obtained so that the assay could 
be made. 

The host range mutants obtained from assaying streptomycin-grown 
stocks were purified by repeated plaque isolation and were found to be 
stable. To determine if the increased count of mutants were due to greater 
effciency in plating on EF. coli R/2 of streptomycin-grown T2h phages, 
stocks of the mutant phage were prepared by growing crops on FE. coli 
R/2 both in the presence and absence of a concentration of streptomycin 
which exhibited some inhibition on the growth of the bacteria. Plaque 
counts of both stocks indicated a low efficiency of plating; about 13-18 
per cent as many plaques appeared on F. coli R/2 as on E. coli S. This is 
an expected result since host range mutants usually exhibit low plating 
efficiency on the resistant host. However, in no case did the phage stock 
grown in the presence of streptomycin give a higher plating efficiency 
than the controls and in most cases it was slightly lower. Therefore the 
increased proportion of host range mutants in the bacteriophage population 
would not appear to be due to the stimulation by streptomycia of the sub- 
sequent planting efficiency. 

The inoculum in the experiments reported above was about | x 104 
bacteriophages and about | X 10 bacteria per ml. Because the phage 
crop was the result of a series of bursts and reinvasions the possibility of 
some selective action by the streptomycin either in favor of mutant phage 
or of bacterial cells that yielded higher proportions of mutant phages must 
be entertained. To test this, two mixtures of mutant and wild type phages, 
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one containing equal amounts of each and the other containing 4 times as 
much wild type phage, were employed in a series of experiments to deter- 
mine the effect of streptomycin on the proportioa of mutants in the phage 
crop grown from such inocula. In each experiment the plating efficiency 
of the mutant was determined; this ranged from 13 to 18 per cent. From 
the total phage count and the plating efficiency the theoretical number of 
mutant plaques that should appear from the final population was computed, 


TABLE 2 
ASSAY OF PHAGE STOCKS GROWN FROM A MIXED INOCULUM OF T2 AND T2h 
STREPTOMYCIN, INOCULUM, TOTAL CROP MUTANT TITER X 108 
EXPERIMENT MG./ML. T2/T2H x 108 THEORETICAL ACTUAL 
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TABLE 3 
INCIDENCE OF Host RANGE MUTANTS IN STOCKS GROWN IN STREPTOMYCIN-RESISTANT 
BACTERIA GROWN IN VARIOUS STREPTOMYCIN CONCENTRATIONS 
MUTATION 


STREPTOMYCIN, PHAGE TITER INCIDENCE 
BG./ML. x 108 MUTANTS/ ML, x 108 INCREAS 


0 73.0 42 0.575 I 
6 97.2 50 0.517 0.90 
12 63.5 32 0.507 0.88 


assuming that during the multiplication of the phage no selection occurred. 
This is recorded in table 2 together with the actual titer of the mutants as 
determined by plating. Since these figures show good agreement it is 
evident that neither in the presence or absence of streptomycin are consist- 
ent selective influences operative. Another set of experiments inoculated 
heavily with phages and bacteria so that the phage crop would be a 
result of initial burst showed an increase in the proportion of mutants when 
the streptomycin was added 30 minutes before the virus. 
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To determine if the action of the streptomycin is on the phage or on the 
bacterial metabolism, phage crops were grown on streptomycin-resistant 
mutants of /. coli S. With this host a higher concentration of strepto- 
mycin could be employed. Table 3 shows that even with 12 units of 
streptomycin, a concentration which shows no inhibitory action for the 
bacterium, the total crop of virus is not reduced and the proportion of mu- 
tants in the population is not affected. 

Preliminary experiments with the bacteriophage strain T4 indicate that 
streptomycin-grown stocks of that strain also show a higher proportion of 
host range mutants; experiments with T7 have been inconclusive thus 
far. 

Discussion. The problems involved in mutational studies with bacteria 
and with viruses are similar. The observation cannot be made on the 
mutant individual but rather on some characteristic generations removed 
from the original event. To ascribe mutagenic action to the inhibition by 
streptomycin of some bacterial process requires that the possibility for 
selective action be eliminated. From our data it is clear that the strepto- 
mycin-grown crops of the bacteriophages have a higher incidence of mu- 
tants than crops grown in the absence of streptomycin. This phenomenon 
does not appear to be a result of some defect in the assay procedure since 
the crops from prepared mixtures of the phages are not affected by the drug. 
If the streptomycin-resistant bacteria in the population yielded a higher 
proportion of mutant phages, their progeny would make up a greater part of 
the phage crop when partially inhibitory concentrations of streptomycin 
are employed. However, streptomycin-resistant organisms fail to show a 
significant deviation from the wild type in the total crop of phages or in 
the proportion of host range mutants. Hershey® has shown that T2 and 
its host range mutant compete on an equal basis during growth. This has 
been confirmed here by the use of mixtures and it has been established that 
in the presence of streptomycin neither the wild type nor the mutant 
phage has a selective advantage. 

Since many mutations of diverse types may lead to small increases in 
streptomycin resistance it is possible that a selection by the limiting con- 
centrations of the drug of a streptomycin-resistant mutant unlike the strains 
tested by us would select concomitantly for the mutant phage. But until 
such mutants can be found the data suggest that streptomycin, in concen- 
trations just permitting growth, alters in some way the reactions leading 
to phage synthesis, thus more frequently than in control populations result- 
ing in the elaboration of host range mutants. If this proves to be the case 
studies similar to these reported here on the effect of a variety of inhibitors 
should be profitable for getting further information on the genetic mecha- 
nism in the bacteriophage, especially if the mode of action of the inhibitor 
is known. 
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Summary.—An increase in the incidence of host range mutants was ob- 
tained when bacteriophage T2 was grown on a streptomycin-sensitive 
strain of E.coli. The higher the concentration of streptomycin employed, 
the larger was the increase within the limits that permitted some virus 
multiplication. Streptomycin did not affect the incidence of host range 
mutants when the phage was grown on streptomycin-resistant bacteria. 
Streptomycin does not appear to select in favor of the mutants and may 
therefore, actually induce the mutants by modifying the metabolism of the 
host. 


* This work was supported in part by grants from the Atomic Energy Commission, 
Contract AT-(40-1)-1323, and the National Research Council Committee on Growth, 
acting for the American Cancer Society. 
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MATING TYPE DETERMINATION IN TETRAHYMENA 
PYRIFORMIS* 


By Davip L. NANNEY AND PATRICIA A. CAUGHEY 
ZOOLOGY DEPARTMENT, UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 
Communicated by T. M. Sonneborn, August 4, 1953 


Following Sonneborn’s! discovery of mating types in Paramecium aurelta 
in 1937, mating types were found in several other species of Paramecium?~° 
and in Euplotes.’ More recently mating types have been reported for 
Stylonychia putrina,® Oxytricha btfaria,® and Tetrahymena pyriformis."” In 
addition to these species, Sonneborn'' interprets the older observations of 
Maupas” as indicating that mating types occur in Stylonychtia pustulata, 
Leucophrys patula, Onychodomus grandis, and Loxophyllum fasciola. The 
discovery of mating types in Tetrahymena pyriformis is, however, of special 
interest since it opens the way for genetic studies on one of the few animal 
cells which can be grown in a defined medium. The present communica- 
tion is intended to outline the general features of the mating system and 
the mode of mating type determination in this species. 

Previous studies on mating type determination in the Ciliates have been 
confined almost exclusively to P. aure/ia,'* ' P. bursaria,” and E. patella."* 
In each of these cases the mating system and the mode of mating type de- 
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termination are at least superficially different. In E. patella and P. 
bursaria multiple mating systems occur; in P. aurelia no more than two 
mating types have been found within a variety. The mating types in 
Euplotes, unlike those in P. aurelia and P. bursaria, appear to be determined 
directly by the genetic constitution of the cells. A number of differences 
between the systems of mating type determination in the two species of 
Paramecium are known,'* but the significance of the differences is not clear. 
It is believed that the study of mating type determination in Tetrahymena 
will be an important aid in resolving some of the problems of cellular he- 
redity raised in the studies on Paramecium. 

The taxonomic species, Tetrahymena pyriformis," contains a wide vari- 
ety of forms, some of which are amicronucleate and have no known sexual 
phase,'* some of which will conjugate (self) regularly within a clone,'* ' 
and some of which will conjugate when different clones are mixed in certain 
combinations and under the proper conditions.” * Strains of this latter 
type were collected" in the vicinity of Woods Hole, Mass., and are des- 
ignated as the WH strains. This report will be concerned entirely with 
two of the strains, WH-6 (mating type I) and WH-14 (mating type II), and 
their sexual progeny. The conditions for their growth and conjugation in 
a defined medium have been described by Elliott and Hayes,’ but all 
the work reported below was carried out with cultures grown in lettuce or 
Cerophyl infusions inoculated with Aerobacter aerogenes. The general 
culture methods follow closely those described by Sonneborn?! for P. 
aurelia. 

Cytogenetics. The pattern of nuclear reorganization at conjugation in 
the WH strains” resembles closely that reported for the selfing (AA) 
strains'® with a few exceptions: (1) Tripolar associations which occur fre- 
quently in the AA strains occur in the WH strains only very rarely. (2) 
Although a detailed study of the chromosomal differences has not yet been 
undertaken, there appear to be more chromosomes in the AA strains than in 
the WH strains. (3) The nuclear events at conjugation in the AA strains 
are extremely regular, 1 the cross of WH-6 X WH-14 a high frequency of 
aberrations is noted. The most common abnormality, occurring in over 
half the pairs examined, is the result of the failure of the haploid nuclei 
produced in meiosis to migrate to the point of transfer to the mate; cross 
fertilization does not occur, a synearyon is not formed and new macronuclei 
do not develop. Since exconjugants that develop new macronuclei enter 
an imimature phase lasting SO to 100 cell generations, while those that fail 
to form new macronuclei do not become immature, the ‘‘pseudo-conju- 
gants’’ are readily screened and do not interfere with the experiments. 
Moreover, the frequency of pseudo-conjugation drops almost to zero in the 
F2 and subsequent generations. 

The genetic consequences of the cytological events are important in in- 
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terpreting the results of the crosses presented velow. The following con- 
clusions, based in part on an analogy with the cytogenetics of P. aurelia,'* 
seem indicated: (1) Since the migratory and the stationary nuclei of a 
single conjugant are produced by a mitotic division of a haploid nucleus, 
they should be genetically alike. (2) The exchange of migratory nuclei 
between mates and the subsequent fusion of nuclei should result in the for- 
mation of identical syncarya in the two members of a pair. (3) Since the 
divisions of the syncarya are presumably mitotic, all the nuclei produced 
from a given synearyon should be genetically alike. Usually two of these 
derived nuclei in each exconjugant differentiate into macronuclei and are 
separated into different cells at the first post-zygotic cell division. Each 
of the first two daughter cells gives rise to a caryonide, a clone in which 
each cell contains a vegetative descendant of a single primordial macro- 
nucleus. The four caryonides produced by a single conjugating pair 
should have the same genetic constitution. 

The Nature of the Mating Types.-Two general meanings of the term 
“mating type’ have been used in describing cellular differences associated 


with genetic recombination in the Ciliates.'"* In Paramecium the term des- 


ignates a type of cell which will mate only with cells of a different type. In 
Euplotes, cells of the same mating type will conjugate if exposed to filtrates 
of certain other mating types. The first question raised in regard to the 
mating types of Tetrahymena is whether the pairs formed always consist of 
cells of different mating types. Some presumptive evidence for conjuga- 
tion-inducing substances in Tetrahymena is available. Conjugation does 
not occur immediately after mixing cells of unlike mating type, but is de- 
layed for at least 90 minutes.” This delay could be due to a time lag in 
the action of inter-cellular ‘“‘hormones’’ which render the cells of other mat- 
ing types reactive. This problem is under investigation. 

On the other hand, regardless of whether conjugation-inducing fluids can 
be demonstrated, it is clear that all pairs formed consist of one cell of each 
mating type, at least in the cross of WH-6 X WH-14. This is shown by 
the following facts: (1) If double animals of one mating type are mixed 
with single animals of another mating type, all associations formed con- 
sist of a double animal with a single animal, or of a double animal with two 
single animals—one single animal being attached to each of the oral sur- 
faces of the double animal. (2) If a culture of unimicronucleate cells of 
one mating type is mixed with a predominantly bimicronucleate culture of 
the other mating type, no pairs are formed in which both cells are bimicro- 
nucleate. (3) In those cases in which conjugation is abortive, one of the 
exconjugant clones is always of one parental mating type and the other is 
of the other parental mating type. If, therefore, conjugation-inducing 
fluids occur, they do not bring about the conjugation of cells of the same 
mating type. 
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Mating Type Determination..Among the approximately 500 F1, F2, 
F3 and backcross clones studied, at least seven classes of pure mating types 
have appeared and have been designated as mating types I-VII (table 1). 
Each of the seven types will mate with each of the other types, but will 
not mate among themselves. In addition to cultures of pure mating type, 
selfing clones occasionally appear. Unlike the AA selfers, these clones fre- 
quently yield pure types when single cell isolations are made; as many as 
four different pure types have been derived from a single selfing culture. 
The WH selfers also differ from the AA selfers in that they yield viable 
exconjugants. The WH selfers will be discussed more fully in a later 
publication. 

Sonneborn’s' primary evidence for macronuclear control of mating types 
in P. aurelia lay in the fact that the unit of mating type inheritance in this 
species is the caryonide. The mating types of cells within a single car- 
yonide are usually alike, but the mating types of the two caryonides pro- 

TABLE 1 
THE INTERACTIONS OF THE SEVEN MATING TyPES PRESENTLY KNOWN IN T. pyriformis 
The plus signs signify that conjugation occurs when the indicated types are mixed. 
It Iv y vi 


+ 
+ 


vil 
ao 
+ 
+ 
+ 
+ 
+ 


duced by a single exconjugant are often different. Since the mating types 
“segregate’’ at the cell division at which the new macronuclei are segre- 
gated, he concluded that the macronuclei controlled the mating type; since 
all the macronuclei produced by a given pair contain the same genes, but 
control different mating types in many cases, he concluded that some char- 
acteristic of the macronuclei other than their genotype determined which 
mating type they would control. Subsequently other lines of evidence'® 
reinforced this conclusion. 

That a similar distribution of mating types is found in Tetrahymena is 
shown by the following experiments. Exconjugants were separated and 
allowed to divide twice, the daughter cells being separated after each di- 
vision. All the sub-caryonides were then taken through the immature pe- 
riod by serial isolations, and were then tested for mating type. Ail the pos- 
sible comparisons were made of the mating types in related clones. The 
results of three such experiments are shown in table 2. It is seen that sister 
caryonides are usually different, but that sister sub-caryonides are usually 
alike. The exceptions to sub-caryonidal identity are usually associated 
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with paired sub-caryonides that include a selfer. Since selfing clones fre- 
quently produce a pure mating type, it is possible that all the exceptions 
to sub-caryonidal agreement are due to selfing clones that have produced 
one or two pure mating types. Some of the exceptions could be due, how- 
ever, to the production of multiple new macronuclei instead of the usual 
two.'* This condition is found occasionally in these stocks and results in 
the segregation of new macronuclei at least through the second fission fol- 
lowing conjugation. Since mating types preferentially segregate at the 
same fission at which the macronuclei segregate, it is suggested that the 
macronuclei control the mating types, and the macronuclei arising from 
identical micronuclei may control different mating types. 


TABLE 2 
A COMPARISON OF THE MATING TyPES AMONG CARYONIDES AND SUB-CARYONIDES 
DERIVED FROM SINGLE CONJUGATING PAIRS 
SISTER SISTER CO-CONJUGANT 


- SUB-CARYONIDES~— ~~~ CAR YONIDES~- ~—~—CARYVONIDES 
CROSS ALIKE DIPFERENT® ALIKE DIFFERENT ALIKE DIFFERENT 


l tj 6 (1) 16 28 18 73 
2 7 1 (1) 6 12 10 27 
3 13 4(1) 10 22 14 59 


Totals 27 11 (3) 32 62 42 


“ Figures in parentheses indicate the number of sub-caryonides of different pure 
types found. 


TABLE 3 
THE FREQUENCIES OF THE MATING TYPES PRODUCED IN CROSSES OF DIFFERENT 
CULTURES OF MATING TyPEs II AND V 
In both crosses conjugation was allowed to take place at two temperatures. 


: - MATING TYPES OF CARYONIDES 
CROSS bel It Iv Vv vi vil s* TOTAL 


4 16 ‘ : : 0 5 13 0 9 38 
26 é 0 3 4 0 9 35 
16 ‘ 11 2 0 2 14 38 
26 9 2 0 4 43 


* S indicates selfing cultures. 


Table 2 also indicates that caryonides from the same member of a pair 
may be of the same mating type more often than caryonides from different 
members of the same pair. However, nearly all possible combinations of 
the mating types have been found within sister caryonides. Since the ge- 
netic constitution of the nuclei in the two cells of a pair is alike following con- 
jugation, this tendency for pair members to give rise to unlike progeny 
suggests that perhaps different cytoplasmic conditions in the two mates are 
influential in determining the manner of differentiation of the macronuclei. 
A similar, but more fully analyzed situation has been found in the Group B 
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va,ieties of P. aurelia,'* ' in which cytoplasmic conditions associated with 
the different mating types have been demonstrated. Whether such an in- 
terpretation is tenable in Tetrahymena is not yet clear. 

Another factor of importance in determining the mating types produced 
in a cross is related to the parental constitution, but is clearly not due en- 
tirely to the mating types of the parents. Crosses involving the same mat- 
ing types in different inbred lines may yield very different spectra of mating 
types. In table 3 are presented the results of crossing different F2 cul- 
tures of mating types II and V. Cross 4 failed to produce mating types IV 
and VII; cross 5 failed to produce types [and VI. This difference in the 
kinds of progeny produced by different inbred lines suggests a genetic con- 
trol of mating type potentialities, or at least of the realization of these 
potentialities under present conditions. 

Table 3 also indicates that the temperature during conjugation, as in P. 
aurelia,'® ‘4 can influence the frequencies of the types produced. In cross 
4 the frequencies of types I and VI appear to differ at different tempera- 
tures. The lack of a detected temperature effect in cross 5 may be related 
to the absence of these two types among the progeny. 

Summary.—-A multiple mating system involving seven mating types has 
been found in 7. pyriformis. Any mating type will mate with any of the 
other mating types but not with itself. Caryonidal inheritance of mating 
types indicates that, as in P. aurelia, the macronuclei control the mating 


types. Preliminary evidence for genic, cytoplasmic and environmental 
influences on the determination of the types is presented. 


* This work was supported by a grant from the National Science Foundation for 
“Studies in Protozoan Genetics’ and also by a Faculty Research Grant from the Rack- 
ham School of Graduate Studies at the University of Michigan. 
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THE EFFECT OF THE PREVIOUS GENERATION ON THE 
DISTRIBUTION OF GENE FREQUENCIES IN POPULATIONS 
By CLIFFORD S. PATLAK 
COMMITTEE ON MATHEMATICAL BIOLOGY, THE UNIVERSITY OF CHICAGO 
Communicated by Sewell Wright, July 15, 1953 


It has been shown by S. Wright! that the distribution of gene frequencies 
in populations may be found approximately from the Fokker-Planck 
equation, 

o9(, #) = :s ~ [o5g7(q, t)O(q, t)] — : [Ag(q, t)¢(9, 0), () 
ot 2 Oq’ Og 
where ¢(q, ¢) is the frequency distribution of the gene frequency qg in the 
population at time ¢, o5,7(q, /) is the sampling variance of g at time ¢, and 
Aq(q, t) is the systematic change of g at time ¢. An assumption made in 
the derivation of the above equation is that the systematic changes would 
depend solely upon the g of the population. However, because of the 
interaction of the population and the environment, it may be desirable 
to eliminate this assumption. An example of this interaction would be 
the case of maternal influence where the structure of an organism is in- 
fluenced by characteristics of its mother. Another example is that in 
which the amount of available food supply for a population is influenced 
by the size of the organisms in the previous generation of this population. 
Other examples can be found. Thus we see by induction that the 
systematic changes for a given generation would be a function of the 
original environment and of the gene frequencies for a// of the preceding 
generations. However, since the effect of the preceding generation on 
the systematic change is small, we may consider, for simplicity, that the 
systematic change is a function of the initial environment, the gene fre- 


quency of the population, and the gene frequency of only the previous 


generation of the population. We shall consider two general cases for 
this problem and shall now attempt to show how Eq. (1) is modified for 
these cases. 

Case 1.—Let P(r\q, t) dr be the probability that a population will 
increase its q by the value r if its previous value was g at the time ¢. This 
change will be due to a// causes, both systematic and random. Using the 
assumptions of S. Wright concerning the size of the changes and noting 
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the definition of systematic change and random fluctuations, we see that 
Ag(q, t) = S*.” rP(r\q, t) dr, 
O4°(q, t) = othe te r’P(r\ q, t) dr, (2) 


where, because of the small size of Ag(q, t) and o,,7(q, ¢), the limits of 
integration are to very good approximation +o and — o. 
The density of population which changes from the gene frequency gq’ 
to that of g is obviously 
o(q', t)P(q — q'\q', t) dq’, 


where we assume that the functions are fairly constant with respect to 
time, so we may consider that all of the functions are at time ¢. Thus 
the probability that a population which changes into the gene frequency 
q had a gene frequency q’ one generation previously, is 
o(q’, )P(q — q'\q', t) dq’ 
St 0(q', OP(q — '\q', 0) dq’ ” 
Letting Ag(q, g’, t) be the systematic change of g at time /, if one generation 


previously the population had the gene frequency q’, it is clear that 


+ @ , sloe 
3 (q’, H)P(q — q'\q', t 
Aq(q, t) = of Aq(q, 9’, t) ’ , q . @ : E : ,dq’. (3) 
a Y a » o(q’, t)P(q — q’\q’, t) dq 


Expanding in a Taylor series about g, we have 


Hag 
Aq(q, t) = af , (4a g, t)b(q, t)P( —rlq, t) + 


o 
r 5a’ [Ag(q, q’, t)0(9’, P(—riq’, Olqrag + 
f] 


l y2 oO” [Ac , , 7 Sea Bom / 
;, (Aga, 9’, t)6(9’, HP(—r'q’, t) le“ + x 
2° dq” / 


re 
o 
/ (6. NP(-rlq) +4, (6(q’,)P(—r\q',t) gag + 
J =s q 
l 0? 
2 , a eg : ; 
"hd ag’s Hla OP ra’ Olguag* : Jar dr 
2 (4) 
7 Sola, t)Aq(q, q, t) — dy’ [o(q’, HAg(q, 9’, AQ(G’, t)lgrag + 


0” , , 9 , l / 
> dq’? (p(q’, tAq(q, 9’, thasgG', Oleg t --- (/ x 
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}O 
10a ‘) - 5 , 16(9’, HAG(G’, Dlgag + 
v7 


l 0” / 9 / \ 
> dq”? [O(q', HaosgQ', Wlgag + --- (" 


If we assume the following: (1) that we may ignore terms higher than 
second order, (2) that Ag(q, t) and o,,*(q, ¢) are very small, and (3) that 
O In $(g, t)/Oq is not too large, then the above reduces to 


a) 
Aq(q, t) = Agq(q, q, t) — Ag(q, t) 5a? [Ag(q, 9’, tlgrag + 
q 


| 


») 


5° (q, t) dy”? [Ag(q, 9’, Hlgrag (5) 
Therefore, 


l O° 
Ag(q, G, 1) + ~ o497(9, t) —;, [Ag(q, 9’ Og’ P 
2 Oq"* 


Aq(q, t) == 
l + [A ( : t)| 
( q, ¢ ’ la’ a 
dy’ / / 1 d q 


The function Ag(g, q’, t) may in general be written as 
Aq(q, q’, t) = D(q, t) + g(g, D(g’ — g) + A(g, D(g’ — gi? + .... 


The physical significance of the terms may be conceived of as follows: 
D(q, t), which is the major term, concerns itself with the systematic changes 
due to the gene frequency g alone. This term would probably include all 
changes due to mutation and immigration and most of the effects of 
selection. The second term, g(q, ¢), is concerned with the effect of the direc- 
tion between g and q’, whereas the third term, /(q, ¢), is more related to the 
difference between these two gene frequencies. Thus, inserting the above 
expression into Eq. (6), we have 
pene we D(q, t) + A(q, 15979, ) (7) 
1 + g(q, ¢) 

which, under the assumption of small values for g(q, ¢) and h(q, ¢), is 
approximately 


Aq(q, t) = Dia OU — g(a 0) + hq, Dos7(q, b)- (8) 


These values for Ag(q, t) may then be inserted into Eq. (1). Note that 
if there is no dependency on the previous generation, then g(qg, t) = 
h(q, t) = Oand therefore Ag(g, t) = D(q, t), which is what one would expect. 
Also, the systematic change, Aq(q, ¢), can no longer be a simple sum of 
the separate systematic changes due to mutation, immigration, and 
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selection alone, but because of the term g(q, /) there is a more complex 
relationship. 

Case 2.-In many experimental situations the information required 
for the above case is not available. However, experimental data relating 
to the correlation between the change of q for successive generations can 
be found. That is, if a population has a change in q which is different 
from the average systematic change, then part of this difference may 
tend to “‘persist’’ in the next generation’s change of g. Not all of it will 
tend to persist, since some of this deviation from the average systematic 
change in g is due to random factors such as sampling variance, etc. How- 
ever, the part that persists is obviously due to a change in the environment 
of this population, which environmental change can be expected to persist 
for many generations. This part of the change of g may be detected 
from the systematic change, since over many generations the average 
value of this deviation should be zero. 

Let 6 represent the portion of the change of g which persists and let 
§ represent the remainder of the gene frequency change for a given total 
change of size r. The variable s will represent the sum of the average 
systematic change of g and the random change of g which does not persist 
from generation to generation. We shall assume that s and 6 are inde- 
pendent variables, and that there is no dependency on the previous genera- 
tions in the sense of the above case. Let p;(s|q, t) ds be the probability 
that the s-component of the change of the population’s q will have a value 
of s, and let p»(6|q, t) dé be the probability that the 6-component will have 
a value of 6, if the population’s previous gene frequency was q at the 
time ¢, Then 


Agq(q, ¢) Sto SAS (s + prs! q, t) p24! q, 0) ds dé 
= 3(q,t) + 4(q, 1) = Dig, t) + 6, t), 
59° (q, t) 7 G+ 5)?pi(s| q; t) po(6| q, t) ds dé 
= 5%(q, t) + 8g, t) + 25(g, £)8(q, 2), (9) 


where D(q, () and the argument for the above limits of integration are the 
same as in the former case. 

Letting $(6’, q, t) dé’ be the density of population which had a 6-com 
ponent of change of g equal to 6’, and which changed into the gene fre- 
quency q, then it is obvious that 


$(6',9,t) = St. o(q — 8’ — 5, Dpil(s|q — 6’ — s, )po(5'|q — 8’ — 5, t) ds. 


Thus the probability that a population which changes into the gene fre- 
quency q had a 6-component of change of g equal to 6’ is 


$(8’, g, 2) / St (8, g, 0) dd’. 
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Let 6(5’, g, t) be the average 6-component and 6°(6’, g, t) be the average 
square of the 6-component of the change of the population's q if the popula- 
tion's previous gene frequency was g at the time ¢ and if the population 
previously had a 6-component of change of its q of size 6’. It is clear that 


ba a $(5’, q, t) F 
6"(q, t) = ra 5"(6’, q, ) ft . nage? = 1,2) (10) 


Evaluating the above by first expanding $(6’, g, ¢) in a Taylor expansion 
about g and 6”"(6’, q, t) (n = 1, 2) about 6’ = 0, and then integrating the 
resultant expression with the use of the assumptions of the previous case, 
we find that 


"(6’, q; t) Is 0 + 


5"(q, t) = 6"(0, q, t) + 4(q, 8) 


| 
06"! 


1 — oo — 
3 FD 5 n ("8', ds Dla -o (M = 1,2) (11) 


The function 6"(6’, g, ) (n = 1, 2) may in general be written as 
5"(5’, g, 8) = a,(q, t) + B,(g, 06’ + y,(q, D6 + s €83) 


Thus, from Eqs. (11) and (12) we have, after elementary algebraic manipu- 
lation, 

vilq, t)ae(q, t) 
a(g, £) + | d ( : 
. = 2\q, ) 
6(g, t) = Lin’. 


(q, t)Bo(q, t) 
1 — Bi(¢, t) — ms d 


1 — ¥:2(q, #) 


However, it is physically obvious that a,(9, ¢), which represents the average 
6-component of the change of g if the previous 6-component of this change 
was zero, is itself zero. Thus, Eq. (13) reduces to 

7vilq, t)ae(q, t) 


5(q, t) % 
1 — Bi(q, t) — vy2(q, t) — [yi(g, t)Be(g, 1) — ve(q, LBi(G, t)] 


The above value for 6(g, t) and the corresponding value for 6*(q, t) may 
then be inserted into Eq. (9) and the resultant expression used in Eq. (1). 
As an example of the above equations, we may note that if there is a 
regression function relating 5(6’, g, /) and 6’, with b,(q, t) (@ = 1, 2, ...) 
representing the regression coefficients, then it is easily seen that 


5(8’, g, t) = b(q, t)6’ + bo(q, 1/6 + ..., 


52(8’, q, t) = an(q, t) + b7(g, 16’? + .... 
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Substituting these values tato Eq. (9), we then have that 


bo(q, t)ae(q, t) 


Agq(q, t) D(q, t) + : 
hdd d 1 — b(g, t) — b7(q, t) + b%(q, 0) 


an(g, t) 


: (15) 
— b,?(q, t) 


o5,°(g,t) = s*(q,t) + | 


From this we see that if the 6(6’, g, f) depends only linearly upon 6’(i.e., 
b.(q, t) = 0), then Ag(q, ¢) is independent of the persistence of the deviation 
from the average systematic change. 


1 Wright, S., Proc. Nati. Acap. Scr., 31, 382-389 (1945). 


A GENERAL PRINCIPLE INVOLVING BAIRE CATEGORY, WITH 
APPLICATIONS TO FUNCTION THEORY AND OTHER FIELDS* 


By F. BAGEMIHL AND W. SEIDEL 
THE INSTITUTE FOR ADVANCED STUDY 
Communicated by M. Morse, August 17, 1953 


The principle alluded to in the title is established in Theorem | and is 
then applied to Hausdorff spaces, leading, in particular, to a Diophantine 
approximation theorem, as well as to results on boundary properties of 
meromorphic functions. We came upon this principle and its applications 
in attempting to answer certain function-theoretic questions proposed to 
us by P. Erdés,' the answers to which are contained in Theorems 7(a), 
7(b), and 10. 

THEOREM |. Let 8 be a non-empty complete metric space.” Let the class 
{B,(s)} consist of a finite or an enumerable number of properties, each of 
which is meaningful for every element s € 8, and let SX(s) be the negation of 
their disjunction, Suppose that the following conditions are satisfied: 

(1) For every B,, tf X ts a dense subset of a non-empty open set G & 8, 
and tif every x « X has property 8, then every g € G also has property ¥,. 

(2) For every Y,, every non-empty open subset of & contains at least one 
element which has property® ¥,,’. 

Then there exists a restdual' set R & §, every element of which has property 


a 
L 


Proof: Let #, denote the set of points of 8, each of which possesses 
property B,. Then £, is nowhere dense in 8; otherwise /, would be dense 
in some non-empty open subset, G, of 8, and every element of G, according 
to (1), would have property ,, contradicting (2). Consequently, UY /, 
is of first category in §, q. e. d. 
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As a first application, we prove 

THEOREM 2. Let 3 be a Hausdorff space, , a Hausdorff space satisfying 
the second axiom of enumerability, and 8 a complete metric space, all non- 
empty. To every element s « 8, let there correspond a non-empty subset 
H, & KH so that . 

(3) af the set D | § ts dense in some non-empty open subset G & §, then*® 
Hy ts dense in Hg. 

Let f be a continuous function mapping i, into Ke, such that, 

(4) af G ts a non-empty open subset of 8, then f{(I1,) is dense in R2. 

Then there exists a residual set R & 8 such that, for every r « R, f(H,) ts 
dense in Ho. 

Proof: Let |B, } be a basis of K,. Theorem 2 is an immediate conse- 
quence of Theorem | if, for every s ¢€ 8, we let B,(s) be the property that 
f(H1,) a B, = Oand note that (1) follows from the continuity of /, and that 
(4) implies (2). 

Roughly speaking, the next theorem is a kind of topological analogue 
of Kronecker’s approximation theorem, and a special case (Theorem 4) 
serves to bring out this resemblance more strongly. 

THEOREM 3. Let be a Hausdorff space satisfying the second axiom of 
enumerahility, and & a complete metric space, both non-empty. Let |B, 
be a basis of , and \f,} a sequence of continuous functions each of which 
maps § into KX. Suppose that 

(5) for every non-empty open set G & 8 and every B,, there is a k such 
that f,(G) A B, ¥ 0. 

Then there exists a residual set R | 8 such that, for every r € R, \fy(r)} ts 
dense in 3. 

Proof: This theorem is a consequence of Theorem 2 if we take f to be 
the identity, =.=, and, for every s € 8, let //, consist of the points 
fils) (Rk = 1,2, ...). To prove (4), let G and LU’ be non-empty open sub- 
sets of $ and %, respectively. Since //; = u/f,(G), and U is the union 

k 
of certain basis sets B,, (4) follows from (5). Finally, (3) is a consequence 
of the continuity of each /;,. 

THEOREM 4. Let {j} be the set of integers, and {tm} be an increasing 
sequence of positive numbers tending to infinity. Then there exists a residual 
set, R, of real numbers such that, for every re R, the set {tmr + j} is dense 
in the set of real numbers. 

Proof: In Theorem 3, let each of the sets 3 and § be the set of real 
numbers, the basis |B,j{ consist of the open intervals with rational end- 
points, and the sequence |/,j be an arrangement in a sequence of the 
functions /,,x + j of the real variable x. Let (a, 6) be any open interval. 
Then there is an m such that /,,(6 — a) > 1, and hence every real number 


can be written in the form /,,x + j for some x in (a, 6) and some integer J, 
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which shows that (5) is satisfied. Theorem 4 now follows from Theorem 3. 

We now turn to the function-theoretic applications. In the sequel, 
we shall employ, for brevity, the following terminology and notation: 

M denotes the class of functions meromorphic in |z| < 1, I* the class 
of non-constant functions in IN, @ the set fe”: —a S 0,5 OS & S +7, 
6, < |, and P € @ a set of positive measure on every subarc of @. 

If f(z) eM and maps | 2| < 1 on a Riemann surface ®, we define the 
cluster set, on a subset S of \z| < 1, relative to ®, of f(z) at e”, to be the set 
of all points w of ® with the property that there exists a sequence, {z,}, of 
points in S, such that z, + e”, and, on ®, f(z,) > w. We obtain a defi- 
nition of the cluster set on S (but not relative to ®) of f(z) at e'’, if we 
delete the phrases ‘‘relative to ®,” “‘of ®,”’ and “on &” from the preceding 
sentence. In case S$ is the unit circle itself, we shall speak simply of the 
cluster set, without explicit mention of S. If S is a radius of | z| < 1, the 
corresponding cluster set will be called a radial cluster set. 

TueoreM 5. Let f(z) «Mand map |z| < 1 on the Riemann surface WM. 
Suppose that the cluster set, relative to &, of f(z) at every point of @ is ®. 
Then there exists a residual set R & @ such that the radial cluster set, relative 
to &, of f(z), corresponding to every r € R, is R.8 

Proof: This theorem follows immediately from Theorem 2 if we identify 
5K, with | z| <1, H, with &, $ with @, H/,, for every s = e’” ¢ S, with the 
radius terminating in e”, and f with f(z). 

The proof of the following theorem is quite similar to that of Theorem 5. 

THEOREM 6. Let f(z) € YW and let its domain of values be the region G 
in the complex plane. Suppose that the cluster set of f(z) at every point of 
@ is G.7 Then there exists a residual set R & @ such that the radial cluster 
set of f(z) corresponding to every r « R is G. 

It is easily seen that theorems entirely analogous to Theorems 5 and 6 
hold for functions meromorphic in the finite complex plane. For example, 
this enables us to infer the existence, for any (non-constant) elliptic 
function, of a residual set of rays emanating from the origin, on each of 
which the cluster set of the function is the whole plane. 

In case G is the unit circle, Theorem 6 applies, e.g., to any Blaschke 
product f(z) whose zeros have every point of @ as a limit point;* if G is 
the complex plane, the theorem applies to any automorphic function 
whose Fuchsian group is of the first kind.® 

The next theorem is a somewhat less obvious instance of Theorem 6 for 
the case in which G is the complex plane. 

THEOREM 7. If any one of the following conditions 1s satisfied: 

(a) f(z) « Mand f(z) has no limit aleng any radius terminating in a point 
of P; or 

(b) f(z) « M* and the cluster set of f(z) on every radius terminating in a 
point of P contains a fixed constant c, finite or infinite; or 
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(c) f(z) «Mand P is the complement of the set of Fatou points” of f(s); 
then there exists a residual set R & @ such that the radtal cluster set of f(z) 
corresponding to every r € R is the whole complex plane. 

Proof: In view of Theorem 6, it suffices to show that the cluster set of 
f(z) at every point of @ is the whole plane. Under hypothesis (c), this is 
an immediate consequence of Plessner’s theorem.'' Under hypothesis 
(a) or (b), let us suppose that, on the contrary, the cluster set of f(z) at 
some point 2 ¢€@ is not the whole plane. Then, since the cluster set is 
closed, there exists a neighborhood, l/,, of a finite point a, and a neighbor- 
hood, U,,, of 2, such that, in U,, f(z) omits every value in U,. Since 
g(z) = 1/{f(z) — a} is bounded in U,, f(z), by an obvious extension of 
Fatou’s theorem, possesses limits (finite or infinite) along almost all radii 
terminating in points of P an U,,. This already contradicts (a). In 
case (b), g(z) > 1/(c¢ — a) along every radius terminating in a point of a 
subset of positive measure of P N U,. By an obvious extension of the 
uniqueness theorem of F. and M. Riesz, it follows that g(z), and hence 
also f(z), must be identically constant, contrary to hypothesis. 

The following consequence of Theorem 7 (b) generalizes a uniqueness 
theorem due to Lusin and Priwaloff:'* 

CoROLLaRY 1. Let f(z) € WM, and P (defined above) be a residual subset 
of @. Suppose that the radial cluster set of f(z) corresponding to every point 
of P contains a fixed constant c (finite or infinite), but not the whole plane. 
Then f(z) =c. 

It is clear that Theorem 7 (b) applies, for example, to the case of an 
f(z) « M¢* which tends uniformly to a fixed constant ¢ (finite or infinite) 
on a sequence of Jordan curves each of which contains the preceding one 
in its interior,'* or to an f(z) € Y* which tends to c on a spiral in |z| < 1 
which approaches |z| = 1 asymptotically." 

Although we have stated Theorems 5 to 7, for the sake of simplicity, 
for functions belonging to Yt, an examination of their proofs shows that 
these theorems remain valid for more extensive classes of functions, e.g., 
the class of functions single-valued and meromorphic in the region obtained 
from the unit circle by deleting any set of points for which there is no limit 
point in |z| < 1. 

In view of the preceding theorems, it is of interest to inquire whether 
the measure of the set Ron |z| = 1, such that, for every r ¢ R, the corre- 
sponding radial cluster set is the whole plane, can be prescribed. An 
answer is given by the following theorem. 

THEOREM 8. Given a number uw, 0 S w S 2n, there exists an f(z) € WM 
such that the set R consisting of all those points on |z| = 1, for each of which 
the corresponding radial cluster set of f(z) is the whole plane, is of measure wp. 
In the case w = 0, the set R may be finite, enumerable, or of the power of the 
continuum, 
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Proof: We concider three cases: 

(a) pw = 0. Let ,(w) be a meromorphic function for which the cluster 
set on every simple continuous curve which tends to infinity is the whole 
complex plane.!© Let Rw > 0 be denoted by //,, and denote by //,, the 
region obtained by removing from Nw > 0 the lines Rw 2 1, Jw = k, 
k=1,2,...,n—1. Also, denote by //,, the region obtained by removing 
from Rw > 0 the lines Rw 2 1,3w =k, k = 1,2,.... Letw = w,(z) be 
a function which maps |z| < 1 on the region //, so that the point z = 1 
goes intow = ©. The function f,(z) = g(w,(z)) clearly satisfies Theorem 
8 for R consisting of precisely n points. Similarly, by mapping //, on 
|z| < 1, we obtain an R consisting of Np points. We get an R consisting 
of 2®° points by an analogous mapping of the region H obtained from 
Nw > 0 as follows: Denote by C the Cantor ternary set on the unit interval 
of the imaginary axis. At the mth stage in the construction of C, delete 
2"~! distinct closed half-strips from ‘ww > 0 with boundaries parallel to the 
axes, the projection of each of which on the imaginary axis is the closure 
of one of the deleted intervals of this stage in the construction of C and on 
the real axis is Nw 2 n. 

(b) yw = 2x. This case is taken care of by a theorem of Myrberg."® 

(c) O<w< 2n. Denote by S, a sector of | w!| < 1 which subtends 
an are of length less than 24 on |w| = 1, and by ¢(w) any function in 

w| < 1 satisfying Myrberg’s theorem. Let w = w(z) map |z| < 1 on 
S, in such a way that the are of S, on |w| = 1 corresponds to an arc of 
length pw on | 2| = 1. The function f(z) = ¢g(w(z)) then obviously has an 
R of measure up. 

A proof analogous to that of Theorem 6 establishes 

THEOREM 9. Let the domain of values of f(z) € IN be the region G in the 
complex plane. Suppose that the cluster set at e” of f(z) on every Stolz angle 
with vertex e” is 3. Then there exists a residual set of (rectilinear) segments 
in | | < 1 terminating in e”, such that the cluster set at e” of f(z) on each 
one of these segments is G. 

The theorem applies, in particular, to the case in which e” is a Plessner 
point'’ of f(z); §G, then, is the whole complex plane. Referring to part 
(a) of the proof of Theorem §, it is seen that the point z = 1 is a Plessner 
point of the function f\(z) such that the cluster set at z = 1 of fi(z) on every 
segment in |z| < 1 terminating in z = 1 is the whole complex plane. The 
following example shows that this is not always true for a Plessner point: 
Let f(z) be a non-constant analytic function in |z| < 1 which tends to 
zero on almost every radius.'* It follows from Plessner’s theorem and 
a well-known uniqueness theorem due to Lusin and Priwaloff,'® that there 
exists a set of radii, of measure 27, along each of which f(z) —~ 0, and each 
of which terminates in a Plessner point of f(z). 

THEOREM 10. Let f(z) « * and let T S @ be a set of positive measure. 
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Suppose that the cluster set of f(z) on every radius terminating in a point of 
T contains a fixed constant c, finite or infinite.” Then there exists a set 
V ST with meas V = meas 7, such that, if v € V, there exists a residual set 
of segments in |\z| < 1 terminating in v, on each of which the cluster set at 
v of f(z) ts the whole complex plane. 

Proof: It follows from Plessner’s theorem and a known uniqueness 
theorem’! that almost every point of 7 is a Plessner point of f(z), and 
an application of Theorem 9 now completes the proof. 

The next theorem is a gerieralization of the uniqueness theorem just 
referred to. 

THEOREM 11. Let f(z) « Mand let T be a set of points on |z| = 1 with 
meas 7 >. For every e” « T, let S(e) be an arbitrary, fixed Stolz angle 
with vertex e’”, and let R(e'*) be a residual set? of segments terminating in 
e”” and lying in S(e). Suppose that, for every e” « T, the cluster set at e” 
of f(z) on every segment belonging to R(e”) contains a fixed constant c, finite 
or infinite, but not the whole complex plane. Then f(z) = c. 

Proof: Suppose that f(z) «W*. Then Plessner’s theorem and_ the 
aforementioned uniqueness theorem*! show that almost every point of 
7 is a Plessner point of f(z), which, however, is impossible, in view of 
Theorem 9. 

It should be remarked that the fact that an analytic function in |z! < 1 
tends to a fixed constant c along every segment in |z| < 1 terminating in 
e” does not imply that e”’ is a Fatou point of f(z). For example, if f(z) = 
w+ e”, where w = i(1 + 2)/(1 — 2), then f(z) > © along every segment 


: | P P ‘ ° = P . 
in |}z| < 1 terminating in z = 1, but 2 = | is not a Fatou point of f(z). 


- 


(An analogous example can be given in which © is replaced by a finite 
constant.) In every Stolz angle with vertex ¢ = 1, but not containing 
the real axis in its interior or on its boundary, /(z) does, however, tend 


uniformly to ~. 

The following example may be of some interest in connection with 
Theorem 11 and the foregoing remark. We construct a function f(z) 
analytic (in fact, bounded and univalent) in |z| < 1 with the property 
that there exists a set Z on |z| = 1 of measure 0 and power 2™ such that 
the cluster set, at every point 2 € Z, of f(z) on any Jordan are in |z| < 1 
terminating in 2 is precisely the unit circumference. To this end, map 
Nw > 0 in a one-to-one conformal manner on the region in the ¢-plane ob- 
tained by deleting from |¢| < 1 a spiral which tends asymptotically to 
i¢] = 1, letting w = © correspond to the prime end |¢| = 1. Denote 
by //, the simply connected region which is the image, under this mapping, 
of the region // described in part (a) of the proof of Theorem 8. Then 
any function ¢ = f(z) which maps |z| < 1 conformally on //, has all the 
required properties. 

We note finally that an example can be given of a non-constant function 
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f(z), meromorphic in |z| < 1, with the property that, for every e”, lim 
f(z) = 0 as z — e” on almaost all segments in |z| < 1 terminating in e’*. 
This indicates that in Theorem 11 a characterization of the set R(e) in 
terms of measure is not possible, and that in Corollary 1, the radii termi- 
nating in P cannot be replaced by arbitrary segments terminating in P. 


* Presented to the American Mathematical Society, August 31, 1953. 

! Written communications. 

2 For the topological notions which we employ, see Kuratowski, C., Zopologie 1, 
2nd ed., Warszawa-Wroctaw, 1948. 

3B is the negation of property JB. 

* A residual set is the complement of a set of first category. 

bd Hp = UEpD Aq. 

® We note that the conclusion of the theorem is equivalent to the assertion that for 
every r e R the corresponding radius is mapped by f(z) on a curve which is dense on the 
Riemann surface ®. A similar remark applies to some of the later theorems. 

7G denotes the closure of S. 

® See, e.g., Seidel, W., “On the Distribution of Values of Bounded Analytic Funce- 
tions,’’ Trans. Amer. Math. Soc., 36, 201-226 (1934); p. 211. 

® See, e.g., Ford, L. R., Automorphic Functions, New York, 1929, p. 68. 

© The point e’? is called a Fatou point of f(z), if lim f(z) exists uniformly as z — e ¢ 
in every Stolz angle with vertex e”?. 

'\ Plessner, A., ‘Uber das Verhalten analytischer Funktionen am Rande ihres Defi- 
nitionsbereiches,’’ J. reine angew. Math., 158, 219-227 (1927). 

'2 Lusin, N., and Priwaloff, J., ‘Sur l’unicité et la multiplicité des fonctions ana- 
lytiques,”” Ann. Ecole Norm. Sup., (3), 42, 143-191 (1925); pp. 187-191. A related 
generalization was recently communicated orally to one of the present authors by M. 
Ohtsuka. 

18 Examples of such functions may be found in Fatou, P., ‘Sur les équations fonction- 
nelles (Troisiéme Mémoire),’’ Bull. Soc. Math. France, 48, 208-314 (1920); Lusin, N., 
and Priwaloff, J., loc. cit., p. 147; and a paper by P. Erdés and the present authors, 
“Sur quelques propriétés frontiéres des fonctions holomorphes définies par certains 
produits dans le cercle-unité,”” to appear in Ann. Ecole Norm. Sup. 

“Cf. Valiron, G., “Sur les singularités des fonctions holomorphes dans un cercle,” 
C. R. Acad. Sci. Paris, 198, 2065-2067 (1934). 

6 For an example of this kind, see Gross, W., “Uber die Singularitaéten analytischer 
Funktionen,” Monatsh. Math. Phys., 29, 3-47 (1918), p. 14. 

'6 Myrberg, P. J., “Ein Approximationssatz fiir die Fuchsschen Gruppen,” Acta 
Math., 57, 389-409 (1931), p. 390. 

The point e” is called a Plessner point of f(z), if the cluster set at e”? of f(z) on every 
Stolz angle with vertex e’ is the whole complex plane. Cf. Collingwood, E. F., and 
Cartwright, M. L., ‘‘Boundary Theorems for a Function Meromorphic in the Unit 
Circle,’’ Acta Math., 87, 83-146 (1952), p. 139. 

'8 For an example of such a function, see Lusin and Priwaloff, Joc. cit., p. 185, or Erdés 
and the present authors, Joc. cit., Theorem 10. 

19 Lusin and Priwaloff, loc. cit., p. 164. 

*” The proof will show that it is actually sufficient to assume that, for every ¢ € 7, 
the cluster set of f(s) on some Stolz angle with vertex / contains the constant c; or, 
more generally, a value (depending on ¢) which belongs to some fixed set of harmonic 
measure zero, provided that the uniqueness theorem referred to in the proof is replaced 
by a more general theorem (cf. Priwaloff, Boundary Properties of Analytic Functions 
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(in Russian), 2nd ed., Moscow-Leningrad, 1950, p. 289). A similar remark applies to 
Theorem 7 (b), if we appeal to a theorem of Frostman and Nevanlinna, R. (cf. Nevan- 
linna, Eindeutige analytische Funktionen, Berlin, 1936, p. 198) instead of the Riesz 
uniqueness theorem. 

21 Plessner, loc. cit., p. 224 

2 Relative to S(e*). 


ON A GENERALIZATION OF CLASSICAL PROBABILITY 
THEORY,1I. MARKOFF CHAINS 
By RICHARD BELLMAN 
THE RAND Corporation, SANTA Monica, CALIF. 
Communicated by H. S. Vandiver, July 27, 1953 
1. Introduction.—Classical probability, in its discrete form, deals in 
part with the region defined by the inequalities 
ie 
x>0, > x=! (1) 
t= 1 


and with the transformations which preserve this region, the Markoff 
transformations 


N 
£,= >) GuX, $m s2s.« iy Bi, (2) 
j=1 


whose coefficients are subjected to the conditions 


N 
oP ae ey ee ee ee ane (3) 
1 1 


In recent years, a non-classical theory has proved of value in quantum 


mechanics. This is a theory based upon the transformations that preserve 
- 


the quadratic form, }> x,#;, which is to say the orthogonal transforma- 
i 1 


tions. 

The purpose of this paper is to present a further extension of the concept 
of a probability. Apart from the intrinsic mathematical interest of an 
investigation of this type, we have been principally motivated by the hope 
that allied concepts may play some future role in mathematical physics, 
by the expectation that use of the Chapman-Kolmogoroff equations, in 
a fashion similar to the classical theory, will uncover new classes of partial 
differential equations with interesting properties, properties which will be 
reflections of simple probabilistic relations, and finally by the belief that 
other classes of hypercomplex numbers may similarly be utilized to provide 
a closer link, of mutual advantage, between analysis and algebra. 
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Proofs of the results announced here and extensions in the directions 
indicated will be presented subsequently. 

Let us observe that in the generalization contained herein we have 
retained time as a scalar variable. There are further generalizations in 
which the time variable itself is replaced by a hypercomplex number. 

2. Generalized Probabilities.—Our basic quantities will be real sym- 
metric matrices, which we shall denote by X,;. A finite set of matrices 
X = |X;{, all of which are semi-definite and satisfy the further restriction 


y 
> trX, = 1 (4) 
1 1 


will be called a probability distribution. 
A set of N?M real matrices, A = {Aj}, i,j = 1,2, ...,N,k = 1, 2, 
, M, will be called a transition matrix. A new set of matrices Y = 
| Y,{ may be derived from the previous set by means of the linear trans- 
formation 


ae 
Ye 3 aX AS 
Re=z\lj=1 
(A‘ denotes the transpose of A). 
As is well known, the matrix AXA!‘ is semidefinite whenever X is. 
Consequently this transformation preserves the semidefinite character of 
the set. The analog of the Markoff condition in (3) is 


N 
Lemma. The necessary and sufficient condition that >> trY,; = 1 for 


\ 
all X such that >> tr X,; = 1 is that 


t=1 


M oN 
>, 2, AgAd, oT, ery (6) 
Reliz=l 

where I is the identity matrix. 

It is easy to see that the product of two transformations of the type is 
again a transformation of this type. 

3. Generalized Markoff Chains.—\i we consider the state of a system 
at time m to be described by the set X(n) = |X,(n)}, the generalized 
Markoff chain has the form 


k= lj-= 


M N 
X(in+1= ¥ Dd AwxXAji, ¢ 
= 1 


where 


vi N 
SO Bose ae 
k oe 1 
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As in the scalar theory, the question arises as to whether or not lim X ,(m) 
exists as n — © and if so, the dependence of this quantity upon the initial 
state (0). 

The following result holds. 

THEOREM. If A, is positive definite for all 1, 7, and k, in general we will 
have lim X,(n) = X,, where X, 1s independent of X(0). 


~~ 
By the phrase “in general’’ we mean apart from situations in which 
certain special relations exist among the A;, which will permit 
> A in X 4A ip to be semidefinite for semidefinite _X ,. 
jk 
There are several different proofs of this result, extensions of the proofs 
used in the scalar case. Each isa slight variation since the one-dimensional 
concept Gf positivity has to be modified in an appropriate fashion. An 
essential tool is the concept of the adjoint transformation represented by 


7] NV 
a a oe ee 
he 1t=1 


SOME FUNCTIONAL EQUATIONS IN THE THEORY OF 
DYNAMIC PROGRAMMING 


By RICHARD BELLMAN 
THe RAND CorporaTION, SANTA MONICA, CALIF 
Communicated by M. Morse, July 29, 1953 


1. Introduction.—The purpose of this paper is to present some results 
concerning representative types of functional equations occurring in the 
theory of dynamic programming. Since considerations of space forbid 
our entering into any discussion of the origin and interpretation of all of 
the equations appearing below, we shall discuss one, the ‘‘gold-mining” 
equation, in some detail and refer to previous notes’~* and a forthcoming 
monograph, ‘‘An Introduction to the Theory of Dynamic Programming,”’ 
soon to be published by The RAND Corporation, for further details. 

2. Functional Equations.—In this section we state some results whose 
proof is contained in the monograph cited above. 

THEOREM |. (The Gold-Mining Equation.) Constder the equation 


A: pif(O, y, x + 2) + Pof(cex, y, 2 + ax) + sees | 


B: agif(x, 0, y + 2) + gof(x, dey, 2 + diy) + qso(2) 
(1.1) 


f(x, y, 2) = Max | 


x,y, 2> 0, with f(0, 0, 2) = (2), and 
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(a) Pi, Poy Pa, Qi» Jr Gs 2 O, Q+ dz + qs = pi t+ bo + ps = 1 
(b) Ci, Ca, dy, ds > 0, Cy + i = d, + dy = |, (4:3) 
Define 
F(x, y, 2) = pigs(@(x + 2) — O(2)) + pogs(o(z + ax) — $(2)) — 
qps(oly + 2) — o(2)) — qobs(o(z + diy) — o(z)). . (1.3) 
If (2) is strictly increasing and continuous, (0) > 0, F(x, y, 2) > O implies 
Flex, y, 2 + Gx) > O, and F(x, y, 2) < O implies F(x, doy, 2 + diy) < 9, 
then the unique solution to (1.1) is given by 
f(x, y, 2) = pif(O, y, x + 2) + pof(cox, v, 2 + ax) + psd(z), (1.4) 
for F(x, y, 2) > 0, and 
f(x, y, 2) = gif(x, 0, v + 2) + qf(x, doy, 2 + div) + q39(z), (1.5) 
for F(x, y, 2) < 0. 
Corottary. If ¢(z) = e”, b > O, the solution is given by: For 
pile” — 1) + pile” — 1) ‘ q(e’” — 1) + q(e*” — 1) 
Ps 43 
choose A; if the reverse inequality holds, employ B; if equality, use either. 
The limiting inequality obtained as b ~ 0 yields the result contained in 
reference 2, Theorem 4, corresponding to ¢(z) = z. The asymptotic be- 
havior of f may be obtained in the case above where ¢(z) = ¢". 
THEOREM 2, (Optimal Allocation.) Consider the equation 
f(x) = Max [g(v) + h(x — v) + flay + d(x — y))], (1.7) 


Osy sx 


(1.6) 


x > Owith {(0) = 0. Let us assume 


(a) g(0) = h(0) = 0 
(b) g’(x), h’(x) > 0, forx> 0 
(c) g(x), h"(x) < 0, forx > 0, 


and consider the sequence of approximations to f defined by 


fox) = Max [g(y) + A(x — y)] 
Osy< 


x 


faxu(x) = Max [g(y) + h(x — vy) + In(ay + b(x — y))], 


rr Page a0 60,1,2,.... GS) 


For each n, there is a unique Vx = Y,(x) which yields the maximum. If 
b < a, we have y, < vo< ys ..., and the reverse inequalities forb > a. In 
particular, if y,(x) = x for some n, in the case b < a, then y,(x) = x for 
m > n, and the solution of the original equation in (7) will be furnished by 
y= Xx. 
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A result concerning the same equation was presented in reference 2 
for the case where ¢ and / were both convex. 
THEOREM 3. (An Optimal Inventory Equation.) Consider the equation 


u(x) = Min [g(y — x) +a((M+u(0))e7” +b fy’ ce” uly — v) dv) | 
sper (1.10) 


where we assume 


(a) g(0) = 0, g'(y) > 0, g"(y) > 0 
(b) 6, M>0, O<Sa< 1, 


The solution is given by the rule: 


¥ = <. for: 0S SS Su; 
y= Xx, JONES Kas (1.12) 


where x.. 1s a constant determined by the above data by means of a set of, in 
general, transcendental equations. 

The case where g(y) is concave is much more difficult, and, unfortunately, 
the more interesting case for applications. Using the same techniques 
that yield Theorems 2 and 3 it can be shown that if g is a concave function 
of the form 


g(x) = ax, OS ns x% 
g(x) = Ox, + (x — »), Se (1.13) 


where © < ¢, the conclusion of Theorem 3 is still valid. 

The optimal inventory equation was first studied by Arrow, Harris, and 
Marschak,! and then in great detail, together with extensions and generali- 
zations, by Dvoretzky, Kiefer, and Wolfowitz.® 

THEOREM 4. (Games of Survival.) Consider the equation 


f(x) Min Max [pigif(x — 1) + pigeof(x + a) + pogf(x + 6) + 
q p 


Pogof (x wo b)] 
Max Min [pigif(x — 1) + pigof(x + a) + poga f(x + 6) + 
p ( 


q 


Pogo} ( t= b) | ( ] ° 14) 
,d — 1, with 


I(x) = x<0 
= Pua? (1.15) 
where Pi, po, qi, J2 > 9, pi + P2 = Gi + Ge = 1, and a, b and ¢ are positive 
integers. 
There 1s a unique bounded solution. 
This formulation of ‘‘games of survival,’ of which the above represents 
a very simple case, was obtained by the author and J. P. LaSalle in 1949 
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in an unpublished RAND paper. An alternate analysis of the problem, 
due to M. Peisakoff, will be found in the monograph mentioned previously. 


THEOREM 5. (Probability of Success.) Consider the equation 


K 
u(n) = Max | Eaumin — 5) (1.16) 
1 


<14sM j= 


where we assume 
(a) aij a 0, 
R Py 
(b) there is one equation r® = ~ a,;r*~! whose largest positive 
j=l 


root 1s greater than the corresponding roots of the other equa- 
tions of this type, 
(c) for this index k, ayy ¥ 0. (1.17) 


Under these circumstances the solution of (16) is given by 
R 
u(n) = >> ayu(n — j) (1.18) 
j=1 


for n sufficiently large. 
A similar result can be obtained for the inhomogeneous equation 


R 
u(n) = Max (= ayu(n — J) + ti), (1.19) 


1sisM \j=1 


under the assumptions 


R 
(a) ay 0, > Gy = | 

j=1 
(b) g;> 0. (1.20) 


In this case the solution is determined for large n by the index for which 
K 
ng,/ >. jay assumes its maximum. 
j=l 
A problem which arises in production planning and seems of some 


difficulty is the following: “Given a finite set of A; of non-negative square 
matrices, determine for each N, the matrix Cy = B,B,...By, where each 
B, is an A,, which possesses the largest characteristic root.”’ 

The following partial result has been obtained: 

THEOREM 6. Let us define 


¢(A) = characteristic root of A of largest absolute value 


Then 
= lim $(Cy)'”* 
N— « 
exists. 
Let My denote the smallest majorant of all the 2” products, B,, Bo... 
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t.e., the ij element in My is the maximum of the 2s ijth elements of the Cy. 
Then 
lim (My)! , (1.23) 


N— «a 
exists. 
This problem leads inevitably to the question of determining the limiting 
\ 


distribution of the elements of I] Z, in the case where the Z,; are random 
i | 


matrices with a given distribution. Some preliminary results are given 
in reference 5. 

3. The Gold-Mining Equation.—The equation occurring in Theorem | 
may be considered to arise in the following way: We possess two gold mines, 
Anaconda with a vein of value x, and Bonanza with a vein of value y, 
and one gold-mining machine. If the machine is used in Anaconda, there 
is a probability p, that all the gold is mined and that the machine is un- 
damaged, a probability p. that a fraction c, of the gold is mined and that 
the machine is undamaged, and finally a probability p; that no gold is 
mined and the machine damaged beyond repair. Similarly the Bonanza 
mine has the associated probabilities qi, g2, gs and the ratio d,. This mining 
operation continues until the machine is damaged. If at any stage we 
let z be the amount already mined and /(x, y, 2) be the expected value of 
g¢(z + w), w the amount obtained from that stage on using an optimal 


sequence of choices, the functional equation for f is (1) of §2. 

The case where more than two decisions are possible becomes very 
difficult if a decision affects the state of both mines at the same time. 
A counter-example due to Karlin and Shapiro,’ shows that no immediate 
generalization of Theorem | exists. 

We may, however, remedy this by considering a continuous version 


of (1) of §2, utilizing the technique discussed in reference 4. For these 
more tractable problems it turns out that the policy of maximizing ex- 
pected gain over expected cost at each stage is sometimes optimal. The 
translation of this policy into mathematical terms is the substance of (3) 
and (6) of §2. A treatment of the continuous problems will be given 
subsequently. 


' Arrow, K. J., Blackwell, D., and Girshick, M. A., ‘‘Bayes and Minimax Solutions 
of Sequential Decision Problems,’’ Econometrica, 17, 214-244 (1949). 

2? Bellman, R., “On the Theory of Dynamic Programming,"”’ Proc. Nari. ACAD 
Scr., 38, 716-719 (1952). 

3 Bellman, R., Glicksberg, I., and Gross, O., ““On Some Variational Problems Oc 
curring in the Theory of Dynamic Programming,” /hid., 39, 298-301 (1953) 

4 Bellman, R., “Bottleneck Problems and Dynamic Programming,’’ RAND Paper 
No. 407 (May 1953); Proc. Natv. Acap. Sctr., 39, 947-951 (1953), 

5 Bellman, R., “On Limit Theorems for Non-commutative Operations—I,’” RAND 
Paper No. 398 (April 1953). 
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6 Dvoretzky, A. J., Kiefer, J., and Wolfowitz, J., ‘The Inventory Problem—lI: Case 
of Known Distributions of Demand" and ‘‘The Inventory Problem—II: Case of 
Unknown Distributions of Demand,”’ Econometrica, 20, 187-222 (April 1952). 

’ Karlin, S., and Shapiro, H. N., “Decision Processes and Functional Equations,” 
RAND Research Memorandum No, 933 (1952). 


CLOSURE CLASSES ORIGINATING IN THE THEORY OF 
PROBABILIT \* 
By S. BOCHNER 
STATISTICAL LABORATORY, UNIVERSITY OF CALIFORNIA, BERKELEY, AND PRINCETON 
UNIVERSITY 
Communicated July 20, 1953 
We will operate in Euclidean /,:(a;), k 2 1, but other group and similar 
spaces could also be envisaged. 
Definition._-A sequence of continuous functions | ¢,(a,;)} will be called 


P-convergent, if it converges at all points, 


lin ¢,(a) = g(a), 


— a 


and uniformly so in every compact set 


| 


a! = (aj; 4. ° of ary< Ao. 

We will also speak of P-limits, P-closed families, the (smallest) P 
closure of a family, etc. 

It is known that the class of positive-definite functions 


g(a,) = Sze” dF(x,), 


(a, X) = (ayy, + ... + ary) 
F(A) 2 0, F(Ex) = Sz, d F(x) < & (1) 


is a P-closed family, and this fact is the basis for all central limit theorems 
in the theory of probability. 
The differences 


Via) = ¢(0) — g(a) = Si, (1 — e*™) dF(x) 


are not P-closed, but it is known from the theory of infinitely subdivisible 
stochastic processes that their P-closure are the functions 


iL(a,) + Orla) + f (: — died 4 AM =) dF(x), 
ri > O l oa x| ™ 





VoL. 39, 1953 MATHEMATICS: S. BOCHNER 1083 


where the non-negative o-additive set function /(A) 2 0 is defined on the 
Borel sets of the “punctured” Euclidean space 0 < |x| < © with 


4 | x} ? 
fl ars, 
ri >o01 + {[x!? 


k 


L(a;) = b Cray 


pal 


and where 


is any real linear form, and 
k 
QYla;) = = cara, 2 0 
pq= 1 

is any non-negative real quadratic form. The corrective term 1(a, x)/1 + 
'x|? is of a kind occurring in the study of generalized Fourier integrals 
and can be replaced by other similar ones, say by i(a, x)e~'*". Also, if 
we start out with real differences 


¥(a,)) = f (1 — cos (a, x)) dF(x) = 2 4 (sin aly dF(x) 
Ep ; “ 


then the P-limits are 


¥(a;) = Q2(a,;) + 2 / (sin 2) dF) 
x| > O “ 


and no corrective terms occur. 

Now, the above statements and formulas can, purely analytically, be 
put into wider contexts, no longer stochastic, and the following proposition 
is perhaps the most representative one. 

THEOREM 1. (i) For everym = 1, 2, 3, ... the class of functions 


¥(a;) = Qam(ay) + Sx: > 0 (sin (a, x))?" dF (x) (2) 


is a P-closed family. Herein, F(A) 2 0 is any set function in Fk, — (0) for 
which the integral exists and is continuous for all a, and the first term Qom( ay) 
is any non-negative real homogeneous polynomial of degree 2m, 


i Coy ++ opp Orr. . . ay” = 0. 
Pi tee. t Pp = 2m 


(1) The class 
Six > 0 (sin(a, x))?" dF(x) 


is not P-closed by itself. For m = 1 its P-closure are all functions (2), but 
for m= 2 only those for which Qom is a P-limit of finite linear combinations 
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i ¥(bp,01 + ..oF 5 yxy)?” 
p re ] 


bh 
with y, 2 9. 

(111) In (2), for given Y(a,;) the term Qs, and the value of the integral 
are uniquely determined. 

Note that we do not claim that the set function F(A) as such is uniquely 
determined. We will outline a proof of Theorem | by describing several 
steps which will be theorems of their own. 

In (1) we replace the Euclidean group character 

x(a, x) = et (ax + +a, Xx ,) 
by a more general function 
Nes: X) BR hey 5) FB Cy 6 = i hey Bays 09 Ke) 
in , X k, having the following properties. It is continuous and bounded, 
ix(a; x)| SM; 
for a = Oit is constant in x, but not = 0, 
x(O; x) B= Cc, - 0; 
and, what is decisive, there is some smoothing kernel 


T(&1, ee &,) 2 0, Si, 7(é) dv; = l, 


such that for every a in /, and every ¢ > 0, the averaged function 


l ‘ ay £ 
x(a; x) = > x(a+&; x) 7 ( ‘, Bey *) ao 
€ Ey € € 


tends to 0 as |x| > o, 


lim x‘(a; x) = 0. 


xi— « 


THEOREM 2. Four any such x(a; x) the class of “transforms” 
¢g(a;) = Sin, x(a; x) dF(x) 
F(A)2 0. F(E,) < @ 


is a P-closed family. 
Proof: If a sequence 


¢n(a) = Si, x(a; x) dF,(x) 
is P-convergent, 


Gn(a) > gla), 
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then, first of ali, due to F,,(/,) = ¢,(0) we have F,(/,) S Al. Therefore, 
by Helly’s theorem, after replacing the sequence by a subsequence we 


may assume that there exists a function /y)(A) 2 0 with Ay(k,) S Mz 
such that 


lim Si, x(x) dF, (x) = Si, x(x) dFy(x) (6) 


ui— a 


for any continuous function x(x) which tends to 0 as |x, —~ . If now 
we introduce the transform 


g(a) = S x(a; x) dF,(x) 
and put x(x) = x‘(@; x) then (6) implies 
gy (a) > gola). 


But (5) implies ¢gi(a) > ¢ (a), so that g(a) = ¢(a). Letting « > 0 
we obtain 


g(a) = gla) = JS x(a; x) dFi(x) 


« 


which proves the theorem. 
The original function (3) falls under theorem | if we use Riemann’s 
smoothing operator 


. . k P 
I ; : sin ex 
or T §2 dv - Il er } 
»)_\k g ° 
(Ze) e ofme z tory €X; 


say; and, more generally, we could take any Bohr almost periodic function 
% A 
Bit) ~ Yiae ™” 


with A, + 0, B(O) ¥ O and put x(a; x) = B(ayx, + + a,x,). We 
now replace the function 


K(a; x) = (sin (a, x))?” 
of Theorem | by a more general function 
K(a; x) = K(a, ie 


having the following properties: 
(1) It is continuous, non-negative and bounded 
O< Ala; x) S M3, 
(ii) for a = 0 it is 0, 
K(0; x) = 0, 


(ii) for the function 


N(x;) = Sia > 1K(B; x) dv; 
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we have 


A(x) > O for (x) # (0) 
and 
M.S Xx) (SMs), for |x| 2 1 


and 
(iv) the quotient 


Klas x 
H(a; x) = ws ; (x) ¥ (0) 
A(x) 


is uniformly continuous in |@) S Ay, |x| S 1 for every finite Ap. 


With such a kernel A(a; x) we form the functions 
W(a)) = Sy 50 K(a; x) dF(x) (7) 
and the part functions 
Wa) = Soci <1 Kla; x) dF(x) = Socixi<1 Hla; x)dMx) dF(x) (8) 
Wa) = J, 51 K(a, x) dF(x) 
Via) = W'(a) + Wa), (9) 
and we note that they have the following properties. If we have 
\W(a)| S Mein |a| <1 
then this implies 
So < ix <1 Mx) dF(x) SM; 
Six 2 1 4F(x) S Ms 
\W'(a)| S My, /W(a)| S My. 
Furthermore, if for a sequence |¥,(a)}{ we have 
vila)! SMe [al $1 


then this implies that their part functions {y}(a@)} are equally uniformly 

continuous in | a} < A» for every Ay and thus these part functions have a 

subsequence which is P-convergent. From this we can draw the following 

conclusion: in order to construct the P-closure of the functions (7) it 

suffices to construct it for the part functions (8), (9) separately. 
THEOREM 3. Jf we also have 


K(a; x) = c+ x(a; x) 
where x(a; x) is as in Theorem 2, then the class of part functions 


V(a) = Si ~, K(a; x) dF(x) 
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ts a P-closed family. 
Proof: If a sequence 

W>(a) = S. gy tees) dF,,(x) 

is P-convergent, 
D a a) > W*(a), 
then, because of (10), after passing to a subsequence, we may assume that 
we have 
Svc 21 dF, (x) = Yn > Yo. 
The sequence 
¢,(a) = Vila) — cy, = ee x(a; x) dF, (x) 
is then P-convergent toward 
g(a) = V*(a) — cy 
and by Theorem 2 there is a function F(x) such that 
g(a) = Sy ~1 x(a, x) dF(x), 

and also 

Sie: = 1 CF, (x) > Sy > 1 dF(x). 


Hence the theorem. 
Next, if a sequence 
1 . . 
Vila) = Joey <1 K(a; x) dF,(x) 
. l 1 ‘ . ’ 
is P-convergent, V,(a@) — Vo(a@), then in consequence of Helly’s theorem, 
after passing to a subsequence there is a set-function F(x) such that in all 
but a countable number of values 7 in 0 < 7 < | we have 


lim Sfrew<1 Ka; x) dF,(x) = Seip <1 Ka; x) dF(x). 


i> 


This need not hold for r = 0, and thus ¥'(a@) need not be equal to the 
function 


Wa) = Soe <1K(a; x) dF(x); (12) 
however there always exists the limit 


Q(a) = lim ) lim So usp K(a; x) dF,(x){ 


\ 


r—>0O ( n— 
and we have 


Wile) = Ola + W'(a). 
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After this it is not hard to prove as follows. 

THEOREM 4. The class of functions {|Q(a)| as defined by (13) are a P- 
closed family. 

The class of functions |Q(a) + W'(a)} ts the P-closure of the class of 
functions |W"(a)}. 

By means of Theorems 3 and 4 it is now possible to prove parts (i) 
and (ii) of Theorem 1, the polynomials Q:,,(a@) of Theorem | being in this 
case the functions Q(a@) of Theorem 4. 

As regards part (iii) of Theorem | we note that we do not claim this 
uniqueness in the general setting of Theorem 4, but it does hold in the 
following more general version, whose proof will be given on another 
occasion. 

THeoreM 5. Jf we are given an almost periodic function 

Bit) = Xo, e™ 
Dl a,| < & 
and if we have 


B(t) = O(t"), t—>0 


for some integer m, even or odd, and if for a set function F(A) of mixed algebraic 


sign with 


| m 
/ ~~ dF(x) < © 
J |x o | + “i 


a 0 Bl ayx, a é + AN, ) dF(x) = On( aa, coop a, ) 


the function 


is a homogeneous polynomial in (a, , a.) of degree m, then this poly- 
nomial ts identically 0. 


* This paper was prepared with the partial support of the Office of Naval Research. 
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COMPLETELY INTEGRABLE PARTIAL DIFFERENTIAL 
EQUATIONS IN NORMED LINEAR SPACES* 


By A. D. MICHAL 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated by T. Y. Thomas, July 31, 1953 


1. Introduction.—Let N,, No, Ns be three complex Banach spaces, let 
N,, be the Banach space of linear transformations on NV; to Ny, N;, x the 
Banach space of linear transformations on V,; to Ny, and so on. We 


shall study the functional equation 
s(x, vy; 6x) = Fix, y, 2, Sy, dx) (1) 


in which the independent variables x and y have values in N,; and N, 
respectively, the unknown function z = 2(x, y) has values in N3, (x, y; 6x) 
is the Fréchet differential of z for increment 6x of x, 2, is the partial Michal- 
Fréchet derivative 2,(x, y) of (x, vy) with respect to y, and F(x, y, 2, w, v) 
is a given function of its five variables, necessarily linear in v. Clearly 
z, has values in the Banach space N23, so that the five variables of F are, 
respectively, in N,, No, Ns, Nos, N1. 

We shall discuss conditions for the complete integrability of (1), apply 
the results to certain important systems of the form (1), and establish 
an existence and uniqueness theorem for the solution of (1) with given 
initial value. 

2. Conditions of Complete Integrahlity.-We shall first compute 
65,2,(X, ¥), using the fact that 


st 5 : — a 4 ° 
55,2y(X, ¥) = [65,2(x, y)], = [F(x, y, 2,, dx) ], 
and remembering that « and y are independent of each other. We obtain 


55,2,(x, vy) = F,(x, y, 2, 2, 6x) + F(x, y, 2, Zy, dx)Zy + 
PeAR. 0, Sp Big OS eae A) 


htt 
The various notations used here are self-explanatory. In particular, 
Z,, is the second successive Michal-Fréchet derivative of 2(v, y) with 
respect to y: clearly the values of 2,, lie in No, 23. 

The right hand side of equation (2) is expressed wholly in terms of the 


independent variables x, y, increment 6x, dependent variable z, and partial 
Michal-Fréchet derivatives with respect to the “‘parametric’’ variable y. 
The situation is similar for higher order derivatives 


tae Le ae) | ee 


I 
The condition of complete integrability demands that 


a(x, v; 6x; box) = 2(x, y; dex; 61x) 
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should be an identity in consequence of (1). In the computation of the 
second Fréchet differentials we use (2) and obtain 


F(x, y, 2, Zy, 61x; 8x) + F(x, y, 2, Sy, 51x) F(x, Y, 2, Sy, bax) + 
Fray(X, YW, % Sy OX) (F(x, Y, Sy, bax) + F(x, y, &, Sy, dax)By + 
F,,(X, Y, 2) Sy) 52X)Zyy] = F(x, y, &, Zy, box; bx) + 
F(X, Y, &) Sy, bax) F(x, y, 2, Sy, ix) + F.,(x, y, 2, 2yy box) [Fy (x, VY, Zy, ix) + 
F(X, Vy By Sy» OX) Sy + Fyy(x, y, 3, Sy, 8X) Sy]. (3) 


But in (3), 2,, 2,,, ete., are to be regarded as independent variables, and 
since (3) must be an identity in these variables, it splits into two conditions 


i (xy vy 2 2 \NIF (+ vy ¢ 2 \e 19 OF: ne 
F(X, Vy 2 Sy 1X) [Fiy(X, Y, 2 Zyy eX) Zyy]f er = O 


F(x, y, 2, Zy, 5X; bx) + F,(x, y, 2, 2y, 6x) F(x, y, 2, 2y, bax) + 
F(X, ¥, 2, Sy x) [F, (x, y, 2, Sy, box) + Fix, y, 2, 2, dox)z,]}5% = 0 (4) 
where the symbol | $2 indicates that, on the left hand sides of the equations, 
from the terms written down one must subtract the terms obtained by 


interchanging 6,7 and 6.x. 

The conditions (4) must be satisfied identically in all the seven variables 
involved. It is easy to verify that each term in both equations (4) lies 
in N;. 

3. Special Cases.-The conditions (4) of complete integrability of 
equation (1) can be simplified to a considerable extent in special cases. 


We shall give three examples of such simplifications. 

First Example: Let 2(x, y) be a complex numerical-valued function of 
the abstract variables x and y. In this case NV; is the complex Banach 
space of complex numbers, No; is the Banach space of functionals on No, 
etc., and it is easy to show that the first of the two conditions (4) is auto- 
matically satisfied so that the conditions of complete integrability reduce 


in this case to 


F(x, Y, 2, Zy) 51x; bx) + F(x, ¥, 2, Sy, 51x) F(x, y, 2, Sy, box) + 
F(X, ¥, 2 Sy Ox) Fy (x, ¥, 2, Sy, dex) + Fe (x, Y, 8, Sy OX) X 


. é _ 
[F.(x, y, &, 2, dox)z,J}32 = 0. (5) 


uy 


Second Example: Assume that the right hand side of (1) does not depend 
on %, so that the partial differential equation is 


~V 
s(x, vy; 6x) F(x, y, 2, 6x). (6) 


Then the conditions (4) of complete integrability reduce to 


bir 


F(x, y, 2, 6x; 6x) + F,(x, y, 2, 6x) F(x, y, 2, 5x) | fu 

Now, the variable y is just a parameter in this case, and equation (6) 
is a Pfaffian differential equation in Fréchet differentials with (7) as 
condition of complete integrability. Existence and uniqueness theorems 
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for such equations have been obtained by Michal and Elconin! for real 
Banach spaces. The Michal-Elconin theorems and methods of proof by 
generalized successive approximation methods carry over readily to 
complex Banach spaces thus furnishing existence and uniqueness theorems 
for analytic solutions of generalized Pfaffians in complex Banach spaces.” 

Third Example: Let x be a (complex) numerical variable so that N; 
is the (complex) Banach space of complex numbers. In this case the 
partial differential equation is 


= F(x, y, 2, 2) (8) 
X,Y, 8, Sy 
Ox 
where x is a complex variable, and y, 3 are abstract variables. The condi- 
tions (4) of complete integrability are now automatically satisfied. It 
may be pointed out that even this very special case is a grand generaliza- 
tion, for (S) is a generalized partial differential equation of the Cauchy- 
Kowalewsky type. 
4. Existence and Uniqueness Theorem.—We now consider the differential 
system 
2(x, y; 6x) = F(x, y, 2, Sy, dx) 
2(Xo, VY) = Z0(¥) 
under the following assumptions: 
(1) 20(y) is analytic in ||\y — Yo 
(ii) the Fréchet differential 
deco F(x, y, 2, w, 6x) 


gng@ 


exists and is continuous jointly in x, y, 2, w in 


Zo(Vo)|| < Zoy(Yo)) <b, (10) 


and all 6x « Ni; and 

(ii) the conditions (4) of complete integrability are satisfied identically 
for all x, v, 2, 2,, 6.x, dex in their respective ranges as given in hypothesis (11). 

In hypothesis (11), 2o,(y) denotes the Michal-Fréchet derivative of 2o(y) 
with respect to y, and 2Zo,(¥o) stands for the value of 2,(y) when y = Yo. 
Similar notations will be used below for z,,(x, y). 

THEOREM. Under hypothesis (1), (it), (itt) there exists a positive ¢ < a 
and a positive d < a, and a unique continuous’ function z(x, y) of both variables 
x and y which satisfies the differential system (9) in 


= Loi Se, y— Wl <d 
provided that for these values of x and y, all values 2 and w in the range 


Zz — 20(¥o)|) < 4, WwW — Zo,(Vo)| < 4, 
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and for any 6x « N, and ¢ € N3, 0 € Nos, 


deg i*(X, Y, 2, W, dx)|| S giidx|! |/f, 6 (11) 


for some g > O, where | ¢, 0 1s the norm in the product space Nz K Nox. 
Proof: Without restriction on the generality of the proof we may take 
Xo = Yo = O, 2o(y) = Oso that hypothesis (ii) holds in the range 


xi] <a, |lyll < da, |j2l| < b, lw] <b (12) 


and all 6x ¢ Nj. 
We shall solve the differential system (9) with x» = yo = O, 2o(y) = O 
by the method of successive approximations, defining formally 


Z(x, y) = O (13) 


Snqi(X, ¥) = a F (ax, ¥, Zm(oX, VY), Zmy(ax, vy), x)do. n=O 1520... 


(14) 
By formal differentiation of the last equation 
Suriy(X, ¥) = J (F(... ...)] de. (15) 


From hypothesis (ii) in conjunction with theorems proved by Kerner 
it follows that there are positive numbers p, p, q, 7, 7, 7 such that p < a, 
psaqsbds b, and 


F(x, y, 2, w, 6x)}| < rijdx!] (16) 
[F(...  ...)]p]] < riléx (17) 


<q, w) <qand all éx e Ni. We define 


¢ = min (», q ; 2) (18) 
r+ 


and shall prove by induction that 
Zm(X, YI] <q, Smy(X, Vil <q (19) 


when |/x/| <¢, |jy|| < p. 
Equation (19) is certainly true for m = 0. Suppose it is true for a 
certain m. Then the integrand of 


SmyilSX, VY) = Jy’ Flsox, y, Sn(SoXx, Y), Zmy(Sox, y), sx)do 


is a continuous function of s and o in 0 < s, o < 1 for each fixed x, y, 


x, <c, yy) <p. Moreover, we have from (16) and (18) that 
Zm4i(SX, Y)|| S riisxi| < re <q for ||x|| < ¢, lly] << p,O<s <1. 


From the hypotheses on F it follows that z,,,:(x, y) has a Michal-Fréchet 
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derivative with respect to y, and that this derivative is given by (15). 
As before, we deduce from (17) that 


Sm+iy(SX, Y)Il S riisxi| << _ for ||x|| < ¢, |ivj| < p, 


and this completes the induction, proving (19). Moreover, 2,4:(sx, Y) 
and 2m,41,(sx, y) are continuous functions of sin 0< 5s < 1. 

Let v = sx + t& where x, — « NV, are chosen so that |v} < ¢ for all s, ¢ 
inQ<s,t< 1. By a similar reasoning to the above it can be shown that 
Zm(sx + tt, y) is a continuous function of s and ¢in 0 < s,/< 1 and has a 
continuous Michal-Fréchet derivative with respect to y there; furthermore 

Zm(¥ VY)|i <> |] Smul% YI] < | (20) 
when 0< s,¢< 1, in] <, |iyi < p. 
We now put 


guiy F(x, y, 2, W, 6x), (21) 


G(x, y, 2, w, dx, &, 9, ¢, 0) = 6 


and observe that this function is jointly continuous in x, y, 2, w by hy 
pothesis (ii), and linear in the other variables. 
By well-known theorems on differentials and integrals we have from (14) 


Zm4(¥, VY) — Snl(v, ¥) = Soi Se! ov, v, (1 — 1)Smaslov, vy) + 72m (ov, y)’ 
(1 — r)Sm_1y(ov, ¥) + T2my(ov, y), X, 0, 0, Zn (ov, VY) — Su-i(ov, ¥), 


Smy( OV, V) —~ Su_—iy( OV, y))dodr. 
Here we apply (11) to obtain 


Zmii(¥s VY) — Zm(¥, ¥)|| S giv So’ ism(ov, ¥) — Sm—s(av, y), 


Zmy(OVv, V) — Sm—1(av, y)iido (22) 


and this relation will be used to prove the convergence of the process. 
Clearly | (ov, y, 0, 0, v)) is a continuous, and hence bounded, function 
of s,t, cin O< s,t,0< 1. Thus for some positive pi, 


F(av, y, 0, 0, v)!| < pr for OS 823): ) 
and 
a(v, vy) — solv, y)) = aly, vy)! < SQ"! Flo, y, 0, 0, v) dao < pr: 
Similarly, for some positive po, 
F (av, y, 0,0, v) < pe forO0< s,t,0< I 


and 


21, V, ¥y) rs Soy Vv, y) i Z1,( V, y) onl Se F,( OV, y, 0, 0, v) da < 


Setting 


ps = max. (pj, pe) 
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we have 
Zlv, y) — Sol V; y) < Ps 
2Z1y(v, V) — Zo,(% Vii < ps 


for0 <s,t,¢0< 1. From (22) and (24) 


m3 
ao(v, vy) — aly, y)) < giv fo'lialov, vy) — zolaov, ¥), 21,(ov, y) — 


Zu, (ov, vido = giip + max. (||2:(ov, y) — 20(ov, y)!|, || Z1,(ov, v) — 


Zoy(ov, V) Jda < giv ps 


A similar estimate may be derived for the derivatives with respect to y. 
We then obtain by induction 


(gc)™ 


m! 


Zm+i(Y, ¥) — 4 < pi < ps 


and see that 


2(v, vy) = lim 2,,(», y) (26) 


m— « 


exists uniformly in 0 < s,/< 1, vy < p, provided that x, £ are so chosen 
that vy <c. The proof of the continuity of the limit, of its satisfying 
the integrated form of the differential system, and of its being the unique 
solution of the diiferential system, follows closely the lines of the corre- 
sponding proofs for the ordinary differential system.'~? 


* The late A. D. Michal worked on this paper in the last months of his life. Complete 
notes of the paper, and a draft of approximately the first two sections, have been found 
among his papers, and these have been followed closely in preparing the paper for 
publication, A. Erdélyi 

! Michal, A. D., and Elconin, V., ‘Completely Integrable Differential Equations in 
Abstract Spaces,” Acta Math., 68, 71-LO7 (1937). 

*See also vol. II of the author’s monograph entitled ‘Differential Equations in 
Abstract Spaces with Applications’ (to appear posthumously), 

‘In A. D. Michal’s notes 2(x, y) is stated to be analytic in both variables but in the 
proof this statement is not substantiated, nor does it seem to be obvious without further 
restrictions on F. ALE 

‘ Kerner, M., Ann. Math., 34, 546-572 (1933). 
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STOCHASTIC GAMES* 
By L. S. SHAPLEY 
PRINCETON UNIVERSITY 
Communicated by J. von Neumann, July 17, 1953 


Introduction.-In a stochastic game the play proceeds by steps from 
position to position, according to transition probabilities controlled joimtly 
by the two players. We shall assume a finite number, JN, of positions, 
and finite numbers m,, n, of choices at each position; nevertheless, the 
game may not be bounded in length. If, when at position k, the players 
choose their ith and jth alternatives, respectively, then with probability 
st; > 0 the game stops, while with probability p' the game moves to 
position / Define 

s = min si, 
k,t,J 
Since s is positive, the game ends with probability | after a finite number 
of steps, because, for any number /, the probability that it has nof stopped 
after ¢ steps is not more than (1 — s)‘. 

Payments accumulate throughout the course of play: the first player 
takes a‘; from the second whenever the pair i, j is chosen at position k. 
If we define the bound J/: 


A 
M max |d;;\, 
koi,d 


then we see that the expected total gain or loss is bounded by 
M+(1-s)M+ (1 — s)?*M + = M/s. 
The process therefore depends on V* + N matrices 
Pt = (pald = 1,2, ..., Mes J = 1,2, 


A’ (a; 


; ‘ “4 » 
ij\# = 1, 2, » My; J 1, 2, 


with k, / a , V, with elements satisfying 


\ 
bi; a. a‘ < M, ‘ pi! = | Fos Sa oe ee 
l ] 


By specifying a starting position we obtain a particular game 
terin ‘stochastic game’’ will refer to the collection [ el 
N}. 

The full sets of pure and mixed strategies in these games are rather 
cumbersome, since they take account of much information that turns out 
to be irrelevant. However, we shall have to introduce a notation only 
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for certain behavior strategies,' namely those which prescribe for a player 
the same probabilities for his choices every time the same position is 
reached, by whatever route. Such stationary strategies, as we shall call 
them, can be represented by N-tuples of probability distributions, thus: 


k ok k 
each x* = (x7, X35, . Xm, 


) 


’ 


for the first player, and similarly for the second player. This notation 
applies without change in all of the games belonging to I. 

Note that a stationary strategy is not in general a mixture of pure 
stationary strategies (all x" zero or one), since the probabilities in a behavior 
strategy must be uncorrelated. 

Existence of a Solution.Given a matrix game B, let val|B] denote 
its minimax value to the first player, and X |B], Y[B] the sets of optimal 
mixed strategies for the first and second players, respectively.’ If B and 
C are two matrices of the same size, then it is easily shown that 


|val{B] — val[C]| < max |by — ¢,)| 
tJ 


Returning to the stochastic game I’, define A‘(a@) to be the matrix of ele- 
ments 


k kl 
a5; + Dd Pi; a’, 


1= 1,2, ,m,; 7 = 1,2, ...,m, where a is any N-vector with numerical 


. —- : . “te er <— . 
components. Pick @ , arbitrarily, and define a@ (4) by the recursion: 
k — 
a(;) = val[A*(ag-—y»)), 


(If we had chosen a, to be the value of A*, for each k, then a;*, would 
be the value of the truncated game I'\;, which starts at position k, and 
which is cut off after ¢ steps if it lasts that long.) We shall show that the 
limit of a, as t— © exists and is independent of @ «), and that its com- 
ponents are the values of the infinite games I”. 


Consider the transformation 7°: 


ag? 


Ta = 8B, where B* = val[A*(a) |. 


ad 


Define the norm of a to be 


NERS TN ESI ERS — RUMORS RRASTEINS 





Se a ME NR OTT 


Sistine 
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Then we have 


T 8 — Ta} = max| val[{A*(8)] — val[A*(a)] 
k 


max > pris! = > pia! 


k,i,J 


kl 
max | >>, p7;| max |B! — a! 
k,i,J l 


J 


(l—s)iB — ai, 


— 


using (2). In particular, 7°a — Ta <(l—s) Ta — a\. Hence the 


sequence aes Teen, T*a w, is convergent. The limit vector o has 
the property ¢ = 7. But there is only one such vector, for e = Ty 
implies 

¢ 
by (3), whence) y — 
is independent of @ q. 

To show that ¢* is the value of the game I“, we observe that by following 
an optimal strategy of the finite game I'\/, for the first ‘steps and playing 
arbitrarily thereafter, the first player can assure himself an amount within 
e, = (1 — s)!M/s of the value of ['; likewise for the other player. Since 
€, > 0 and the value of I“, converges to ¢*, we conclude that ¢* is indeed 
the value of I*. Summing up: 

THEOREM 1. The value of the stochastic game V is the unique solution 


@ of the system 


¢* = val [A*($) |, 


Our next objective is to prove the existence of optimal strategies. 


= — i 
THEOREM 2. The stationary strategies x*, y*, where x' « X{|A'(o)], 


y'« Y[A “)], 1 = 1, 2, ..., N, are optimal for the first and second players 
respectively in every game \* belonging to YT. 

Proof: Let a finite version of I* be defined by agreeing that on the 
tth step the play shall stop, with the first player receiving the amount 
a’; + Dp ¢! instead of just a/;. Clearly, the stationary strategy x* 
assures the first player the amount ¢* in this finite version. In the original 
game I”, if the first player uses x *, his expected winnings after ¢ steps 
will be at least 

¢* — (1 — s)'~! max Dpto, 


h,i,j 
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and hence at least 


o* — (1 — s)' max ¢'. 
i 


His total expected winnings are therefore at least 


g* — (1 — s)' max ¢! — (1 — s)'M/s. 
l 

Since this is true for arbitrarily large values of ¢, it follows that x * is optimal 
in I’ for the first player. Similarly, y* is optimal for the second player. 

Reduction to a Finite-Dimensional Game.—The non-linearity of the 
‘val’ operator often makes it difficult to obtain exact solutions by means 
of Theorems | and 2. It therefore becomes desirable to express the payoff 
directly in terms of stationary strategies. Let [ = {I*{ denote the 
collection of games whose pure strategies are the stationary strategies of 


. Their payoff functions (x, y) must satisfy 


- — oS ‘ ‘ = ~_ 
D(x, y) = xtAty* + > eP ty S'(x, y); 
for k 1,2, ..., VN. This system has a unique solution; indeed, for the 


— 


linear transformation 77> 7: 
ee 
TZ 7 a = B, where BY = x*Atyt + Yo, xt Pyke! 
we have at once 
th — aay fe 


1778 -— TTF a) = max | Dow'Pt'y(B! — a')| < (1 — 5)/iB — all, 
k 


/ 


corresponding to (3) above. Hence, by Cramer's rule, 


y'P!} ly! et xi Ply! —xl4 ly! a gpl PI vy! 
x? P?! y° x P? ayy? . | 
gh PM Ly 5 bia eS. SOP AN gh dl 
- —_ —> 
OH*(x, y ) = 
xI Py! me x'Ply! x'IPiry! Ms: xP iy! | 
i shee ep ty? — 7 | 
x a & is | 
VP» ly’ x PXty } x PS Vy =i 


Tueorem 3. The games 1 possess saddle points: 
g 


min max (x, y) = max min $*(x, y), (4) 


—_> «> —_> 


y Xx x y 





| 
: 
# 
i 
| 
i 
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for k = 1, 2, ..., N. Any stationary strategy which is optimal for all 
I“ ¢ I is an optimal pure sirategy for all 1 «1, and conversely. The value 
vectors of 1 and V are the same. 

The proof is a simple argument based on Theorem 2. It should be 


pointed out that a strategy x may be optimal for one game I“ (or I“) and 
not optimal for other games belonging to I (or [). This is due to the 
possibility that [ might be ‘disconnected’; however if none of the p! 
are zero this possibility does not arise. 

It can be shown that the sets of optimal stationary strategies for I’ are 
closed, convex polyhedra. A stochastic game with rational coefficients 
does not necessarily have a rational value. Thus, unlike the minimax 
theorem for bilimear forms, the equation (4) is not valid in an arbitrary 
ordered field. 

Examples and Applications-—\1. When N = 1, I may be described 
as a simple matrix game A which is to be replayed according to proba- 
bilities that depend on the players’ choices. The payoff function of | is 


xAy 


H(x, vy) = : 
re xSy’ 


where S is the matrix of (non-zero) stop probabilities. The minimax 
theorem (4) for rational forms of this sort was established by von Neu- 
mann;* an elementary proof was subsequently given by Loomis.‘ 

2. By setting all the stop probabilities sf, equal to s > 0, we obtain a 
model of an indefinitely continuing game in which future payments are 


discounted by a factor (1 — s)‘. 


tion probabilities are gi; = p*/(1 — s). By holding the g fixed and 


varying s, we can study the influence of interest rate on the optimal 


In this interpretation the actual transi- 


strategies. 

3. A stochastic game does not have perfect information, but is rather 
a ‘simultaneous game,”’ in the sense of Kuhn and Thompson.' However, 
perfect information can be simulated within our framework by putting 
either m, or n, equal to 1, for all values of k. Such a stochastic game of 
perfect information will of course have a solution in stationary pure 
strategies. 

1. If we set n, = 1 for all k, effectively eliminating the second player, 
model.’ Its solution is given by 


the result is a “dynamic programming”’ 


any set of integers i = fi, i, ..., ivi 1 < i, < m,} which maximizes the 


expression 
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Nk VN 
Dd; ag : — ] 


\ 


For example (taking NV = 1), let there be alternative procedures 1 = 1, 
, m costing ¢; = —a, to apply and having probability s; of success. 
The above then gives us the rule: adopt that procedure 7* which maximizes 


the ratio dj«/5i*, or equivalently, the ratio si«/C,*. 

5. Generalizations of the foregoing theory to infinite sets of alternatives, 
or to an infinite number of states, readily suggest themselves (see for 
example ref. 6). We shall discuss them in another place. 


* The preparation of this paper was sponsored (in part) by the Office of Naval Re 
search 

‘Kuhn, H. W., Contributions to the Theory of Games II, Annals of Mathematics 
Studies No. 28, Princeton, 1953, pp. 209-210. 

2 von Neumann, J., and Morgenstern, O., Theory of Games and Economic Behavior, 
Princeton, 1944 and 1947, p. 158 

* von Neumann, J., Ergebnisse eines Math. Kolloquiums, 8, 73-838 (1937). 

‘ Loomis, L. H., these PROCEEDINGS, 32, 213-215 (1946). 

5 Bellman, R., these PROCEEDINGS, 38, 716-719 (1952). 

6 Isbell, J. R., Bull. A. M. S., 59, 234-235 (1953). 


EXISTENCE OF GENERALIZED LOCAL CLASS FIELDS 
By G. WHAPLES 
MATHEMATICS DEPARTMENT, UNIVERSITY OF SOUTHERN CALIFORNIA* 
Communicated by Saunders MacLane, July 27, 1953 


1. Introduction.—By generalized local class field theory' we mean 
the theory of abelian extensions of a field k which is complete under a 
non-Archimedean rank one valuation and has a residue class field k which 
satisfies the two axioms: (1) k has no inseparable extensions, and (2) for 
each positive integer n, the algebraic closure of k contains exactly one 
subfield of degree n over k. Two of the three main theorems—namely 
the existence and limitation theorems—have been proved in an entirely 
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satisfactory way in the generalized theory.” * But the existence theorems 
known up to now have either been restricted to the case when k is a Galois 


field or the extension is without higher ramification,* or fail to describe 
the norm groups of abelian extensions in terms of the ground field only.‘ 
M. Moriya’ has proved that the simple existence theorem which is true 
when & is a Galois field cannot hold in the general case. No conjecture 
concerning a better existence theorem has been published. 

2. Statement of Results—Let k be a field of the type just described, 
o its ring of integral elements, and w a prime element. If u(x) € olx], 
let (x) denote the element of k{x] got by replacing the coefficients of u(x) 
by their residue classes mod 7. 

Definition 1. A subgroup a of the multiplicative group k° of & is called 
analytic if it has a conductor and if for every positive integer 7 there is a 
u(x) €o|x| such that a,(x) has positive degree and 1 + u,(&)r' ea for 
every f€0. 

EXISTENCE THEOREM: A subgroup a ¢ k* is norm group of a finite 
abelian extension of k tf and only if it is analytic and of finite index. 

3. Outline of the Proof—li k is a Galois field then the analytic groups 
are simply those having a conductor and if k has characteristic zero then 
every subgroup of k* is analytic. So our Existence Theorem reduces to 
known theorems in these two special cases and we may assume that k 
has characteristic p # 0 and is not a Galois field. 

LemMa 1. If A/k is separable and finite then the norm group N(K/k) 
is analytic. 

LemMMA 2. The intersection of two analytic subgroups of k* is analytic. 

LemMA 3. If K/k ts pure higher ramified, 1f a is an analytic subgroup 
of k*, and if A 1s the group of all elements of K whose norms are ina, then A 
ts analytic. 

Proofs: Lemma | is elementary; we have given the hardest special case 
elsewhere.' To prove Lemma 2, let a and 6 be analytic subgroups of 
k* and let /(7, 7) denote the proposition: There exist u(x) and v(x) € o[x] 
such that (x) has positive degree and, for every & «0, | + u(£)r' ea and 
1 + u(é)r' = 1 + v(t)r’ mod b. It is easy to see, from the fact that b 
has a conductor, that Lemma 2 will follow if we can prove that for every 
positive 7 and j, /(1, 7) implies /(74, 7 + 1). So assume that u(x) and 
v(x) satisfy /(1, 7). We may assume that u(0) = v(0) = 0 since otherwise 
we could replace u(x) and v(x) by the polynomials u’(x) and v’(x) defined 
by the equations (1 + u(O)m')~'(1 + u(x)m') = 1 + u’(x)m' and (1 + 
v(O)r’)—1(1 + v(x)r’) = 1 + v'(x)r’. Now it can be shown’ that if 
g(x) € o[x] and g(0) = 0 there exist finite sequences }/,(x){ and th,(x)} 
of elements of o|x| such that (1) > 2(1,(x)) = ana.p.’ # Oif g(x) ¥ 0, 
(2) > oh, (x)) = an a.p. (possibly 0) and > A(x) = x. If u(x) is not 
an a.p. let }/,(x){ satisfy (1), with g(x) = u(x), and define u’(x) and 
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v(x) by the equations II,(1 + u(/,(x))r') = 1 + u’(x)r' and H,(1 + 
v(1,(x))m’) = 1 + v'(x)x’. Then u(x) and v’(x) satisfy /(1, j) again, 
h'(x) = >,,a(1,(x)) = an d.p., So we see: we can assume U(x) is an a.p. 
By a similar argument applying (2) with g(x) = v(x) we see: we can assume 
also that i(x) is an a.p. Let this be so and let w(x) be an element of o[x| 
with | + w(t)’ «b for every eo. By another use of (1) we may assume 
@(x) is a non-zero a.p. By the decomposition theory of a.p.’> there 
exist f(x), g(x) € o[x] such that f(«) and g(x) are non-zero a.p. and 0( f(x)) = 
@(g(x)). Then for every & €0, 1 + u(f(&))r' «a and 1 + u(f(&))r' = 1+ 
v(f(E)) a? == (1 + wlgel(t))r’)(1 + oy (E)a’?*!) = 1 + 2,(£)2’*! mod b where 
v(x) is an element of o[x] which can be found by undetermined coefficient 
methods; since 6 has a conductor, only a finite approximation is required. 
This means that /(7, 7 + 1) follows from (1, 7) so Lemma 2 is proved. 
The proof of Lemma 3 is similar. 

Definition 2. If a is any subgroup of k* and 7 > 0 then the ith image 
group of a, written d,,, is the additive group of all residue classes & of 
elements a «0 for which | + a7' is congruent to an element of a mod a'‘*!. 

Definition 3. A subgroup of k is called open if it contains the set of values 
of some non-zero a.p.7 ‘ 

Lemma 4. Let m be a prime element of k and let a be any subgroup of k* 
which 1s of index p, has a conductor, and has open image groups. Then k 
has a cyclic extension K of degree p whose norm group contains m and has the 
same image groups as a. 

This is proved by first computing the image groups of k*” and then giving 
an explicit defining equation for a field A. This latter step naturally 
involves many details and will be published elsewhere.? The construction 
can be much simplified by O. Ore's method" of using trinomial defining 
equations whenever possible. 

Proof of E:xistence Theorem: By known existence theorems and reduction 
methods,* '' together with Lemma 3, the proof can be reduced to the 
case when a contains a prime element m and is of index p. Assume this 
is so, let r°*' be the conductor of a, and let K be a cyclic extension whose 
norm group 6 contains # and has the same image groups asa. Ifa = b 
we are done and it is easy to see that this will necessarily happen when 
¢ = | (its minimum possible value under our assumptions) so we may use 
induction on c. If a # 6 then a 9 } is an analytic group of index p? 
whose cth image group is the same as that of a and it is easy to show that 
an b = a* A bd, where a* is an analytic group of index p which contains 
m7 and has a lower conductor than a. By induction assumption, a* is 
norm group of a cyclic extension A*; so a is norm group of a subfield of 
Kk*, 

4. Remarks.—-The polynomials u,(x) and a,(x) and the image groups of 
our definitions | and 2 have been studied before in connection with norm 
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‘4 The novelty 


indices, higher ramification groups, and conductors." 
of our present results is the fact that existence of a set of polynomiais 


u,(x) characterizes the norm groups. 
* Author’s present address: Mathematics Department, Indiana University, Bloom- 


ington, Ind. 
‘ Whaples, G., Duke Math. J., 19, 505-517 (1952) 
2 Moriya, M., Proc. Imp. Acad. Tokyo, 18, 39-44, 452-459 (1942) 
3 Schilling, O. F. G., ‘‘The Theory of Valuations,’’ Math. Surveys, No. 4, Am 
Soc., New York (1950). 
4 Moriya, M., and Nakayama, T., Proc 
5 Moriya, M., J. Math. Soc. Jap., 3, 195-203 (1951) 
6 Crampton, T., and Whaples, G., ‘Additive Polynomials, I1’’; 
7 Whaples, G., ‘Additive Polynomials,”’ forthcoming in Duke Math 
8 Ore, O., Trans. Am. Math. Soc., 35, 559-584 (1933) 
® Whaples, G., ‘‘Generalized Local Class Field Theory, II” 
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